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ABSTRACT

The buckl ing analysis of imperfect , thin , circular , cylindr ical ,

stiffened shell under uniform axial compression , for various boundary con-

ditions is first investigated . A methodology is presented for predicting

critical conditions for such configurations . This methodology is based on

the smeared technique and the von K~rmAn-Donnell nonlinear kinematic relations

in the presence of geometric imperfections . The computational procedure

emp loys a Four ier series type of separa ted solu tion and through the Galerk in

procedure the field equations are reduced to a system of ordinary differential

equations . These equations are solved by the finite difference scheme .

Numerical results for numerous stiffened and unstiffened configurations are

presented .

Then the effect of initial geometric imperfec tions on the op tim al

stiffened circular cylindrical shell sunder uniform axial compression is

assessed . The imperfect ion sens itivi ty of geometr ies correspond ing to values

of the dl0sign variables surrounding the optimal configuration is investiga ted

for two desi gn configurations . A design methodoLogy is proposed through

which one may arrive at the minimum weigh t conf iguration in the presence of

geometric imperfections of predetermined maximum amplitude and of a shape

th at yields the greatest reduction in the linear theory buckling load .
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NOTATIONS

A Area

A
x sA y 

Stringer and ring cross-sectional area

D Flexural stiffness of the skin

E Young ’s modulus  of e l a s t i c i t y

E Extensional  s t i f f ne s s  of the skinxx p

Stringer and ring eccentricities (positive inward)

e U n i t  end shortening

F Stress func t ion

f . Fourier  c o e f f i c i e n t  of s tress funct ion
1.

I ,I St r inger-and r ing momen t of inertia about theirxc yc

centroida l axes

K Number of terms in truncated Fourier Series

~~ 2y S t r i n g e r  and r ing spac ings

2 Mesh po in t

L Tota l length of the shell

M ,M ,M Moment r e s u l t a n t sxx yy xy

m N umber of axial half waves

N ,N ,N S t ress  r e s u l t a n t sxx yy xy

N Appl ied  compressive load
xx

N Classical buckling load
xcL

N Cr itical load (limit point)

n Number of c i r c u m f e r e n t i a l  f u l l  waves

V 

~~~~~ ~
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NP Number of points  in axial  d i rect ion

*Q E f f e c t i v e  t ransverse shear

R Radius of the cy l inder

t Skin thickness

U T 
Total  P o t e n t i a l

u ,v In-plane disp lacements

w Radia l d i sp lacement  (pos i t ive  inward)

Radia l  geometr ic  impe r f ec t i on

x ,y , z Coordinate sys tem

2 2 2 •1Z Batdorf  curva ture  parameter  [ = L (l-’~I ) / R . t~

z Unknowns vector

e ,€ , c Re ference su r face  strains
xx yy xy

,it ,;‘. Reference  sur face  changes in curvature and torsion
xx yy xy

Smeared ex tens ional  s t i f f n e s s e s  of s t r ingers  and
xx yy

rings

V Poisson ’ s r a t i o

~xx ’° yy 
Smeared f l e x u r a l  s t i f f n e s s e s  of s tr ingers  and rings

In te rva l  size between mesh po int

) ‘ = L 11,x De r iva t i ve  wi th  respect  to x

vi 
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CHkPTER I

INTRODUCTION

S t a b i l i t y  of th in c i r c u l a r  cy l indr ica l  shel ls  (wi th  or w i t h o u t

s t i f f e n i n g ) , because of i t s  importance , has enjoyed tremendous a t t e n t i o n

fo r  the past seventy yea r s .  A l though a complete understand ing of a l l

the d e t a i l s  of the phenomena involved has not yet  been reached , i t  has

been w e l l  e s t a b l i s h e d  tha t  the d i sc repancy  between c lass ica l  theore t i ca l

p r ed i c t i ons  and exper imen ta l  r e s u l t s  lies pr imar i ly in the f a c t  that  the

sys t em is s ens i t i ve  to geometr ic  impe r f ec t i ons , the  presence of which

18 urlavoid a .t l e .

The i m p e r f e c t i o n  s e n s i t i v i t y  of the system was i n i t i a l ly es tabl ished

t h r o u g h s t r i c t  p o s t b u c k l i n g  ana lyses of the pe r fec t  geometry sys tem . In

add i t i o n , i t  was exp lained tha t , the load carry ing capac i ty  of such

sys tems is d i r e c t ly re lated to the lowest load corresponding to post-

b u c k l i n g  s t a t e s  of e q u i l i b r i u m . The f i r s t  t h e o r e t i c a l  investigation of

th is type was reported by von Kiirm~n and Tsien 1 in 1941. The invest igators

c a l c u l a t e d  p o st b u c kl i n g  equ i l i b r ium s t a t e s , for  an u n s t i f f e n e d , ax ia l ly

compressed , t h i n , c i r cu l a r  cy l indr ica l  she l l , corresponding to loads far

be low the classical critical load . The calculations were based on a

number of s imp l i f y ing assumpt ions  the most  important  being the neg lect of

t h e  e f f e c t  of the boundary condi t ions . Many subsequent investigators
2 4

a t t e m p t e d  to improve the calc ulations of von K~rm~n and Tsien in order to

f i n d  the s m a l l e s t  p o s t h u c kl i n g  equ i l ib r ium load . This search came to an

5 . .end when H o f f , Madsen and Mayors  found in the ir  c a l cu l a tions  tha t  the

1
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minima l p o st b u c k l i n g  load tended towards zero w i t h  improved functiona l

r e p r e s e n t a t i o n  ( t ak ing more and more terms in the ser ies)  for  the solu-

t ion to the governing equat ions  and wi th  d iminishing th ickness .  In

a d d i t i o n , Madsen and Hof f 6 repeated the inves t iga t ioa  b y employ ing more

accu ra t e  k inemat ic  r e l a t i o n s  than those of Donnel l .  The d i f f e r e n c e

between these  r e s u l t s  and the previous ones was ins ig n i f i c a n t .  Futher-

mo r e , K o i t er
7 has shown tha t  the von Ki~rm~n-Donn ell  equa t ions  are also

a p p l i c a b l e  to problems w i t h  arbitraril y large disp lacements,when the

function describing the radial disp lacement is taken to be the curvature

function defined in his paper.

Koiter8 was the first to question the use of the minima l postbuckling

equilibrium load as a measure of the load carry ing capacity of the configu-

ration . Instead , he proposes to find the critical load (limit point) of

the imperfect system . Koiter ’s work is the firs t attempt to the buckling

analysis of an imperfect shell , but his method is limited to the neighbor-

hood of the classical load and therefore to small imperfections of certain

spatial form . This approach has been adopted by many investigators in-

c lud ing Hutchins on and Amazigo
9 who treated the stringer or ring stiffened

thin cylindrical shell. Excellent reviews on the subject may be found in

- 1 0  . . 11
the works of Hoff , and Hutchinson and Ko it or

Many of the posthuckling analyses that are based on Koiter ’s proposi-

L ion (see Ref. ii) disregard the effect of end conditions by assuming tha t

the cy linder length is extreme ly large . A systema tic experimental investi-

gation dealing with cy linders of various lengths (Ref. 12) revealed 

that2



the po srbuckling behavior is strong ly influenced by the cylinder length .

N a r a s i n h a m  and }l o f f 13 ’’4 anal yzed an u n st i f fen e d , th in , c i rcu la r ,

cy l indr ica l , imper fec t  shell of finite length under uniform axial com-

pression . They solve the nonlinear equations by emp loying a separated

series solution for the dependent var iables , each term of which contai~~~~

a function of x multiplied by a cos ine term in y (Fourier). Thus the

equat ions  arc’ reduced to a system of ordinary differentia l equations ,

which in turn arc solved by the f i n i t e  d i f f e rence  scheme . Although the

equations are developed for arbitrary terms of Fourier series , the solu-

tio n is restricted to just one term for the displacement function . A

similar procedure , but one that employs the “shooting method” (Ref. 15)

instead of the finite differenc e technique , is employed by Arbo cz and

Sechler
16 

in their investi gation of the buckling behavior of axially

compressed imperfect cy lindrical shells .

With the exception of the work of Ref. 9, there is virtu~aily no

reported investigation on the buckling behavior of imperfect stiffened

configurations . The first part of the report presents a me thodology for

anal yz ing the buckling of a uniformly compressed , stiffened (rings and

stringers), th in , circular , cy lindrical imperfect shells of finite length

and various boundary conditions . The analysis employs the von Khrmiin-

Donnell large disp lacement equa t ions and the smeared technique . The

so lu t i on  procedure  is s imi lar  to t ha t  of Ref . 13 but  the l i m i t a t i o n s  on

th ’~ s pat i a l  c h a r a c t e r  of the  impe r f ec t i on  has been relaxed cons iderab ly .

R e s u l t s  have been produced for  special  case geometr ies  tha t  have been

r ep or t ed  in the open l i t e r a t u r e  (bench -‘arks) and for  new conf igurat ions

3



- -~~~~~~~~~

of the s t i f f e n e d  type in both d i rec t ions .

The l a t t e r  par t  of the present  r epor t  app lies this  method to the

investi gation of the effect of initial geometric imperfections on the

optima l (linear theory) stiffened cy linder configuration under uniform

ax i-~ 1 compression.

4



CHAPTER II

MATHEMATICAL FORMULATION OF THE NONLINEAR BUCKLING ANALYSIS

By emp loy ing the von Ki’irm~n-Donnell kinematic equations for

geometricall y imperfect [w°(x,y) thin cylindrical she1ls one can easily

derive the compatibility and transverse equilibrium equations in terms

of the radial displacemen t w and the stress function F, as wel l  as the

expressions for the total potential and the “unit end shortening”. The

procedure  employed is s imilar  to tha t  ou t l ined  in R e f .  13 for  u n s t i f f e n e d ,

imperfect thin cy l indrical shells.

Cons ider a geometrically imperfect stiffened cylinder under uniform

~tx ia 1 compression . Let w°(x,y) denote the deviation of the shell mid-

surface (taken to he the reference surface) from the corresponding

perf ectl y cy lindrical one . Let u ,v, and w denote the displacements of

material points on the reference surface (see Fig. 1).

The kinematic re lations , first proposed by Donne ll 17 are given below

Cxx 
= u , + ~(w

’
~ + 2w , w?)

o
C = v , - w/R + -~(w, + 2w , w ,yy y y y y

(1)
0 0

= 2c u , + v, + w, w, + w, w, + w , w,xy xy y x x y y x x y

5. w , ; ~t w , ~xx xx yy yy xy xy

The s t ress  and moment r e su l t a n t s  to s t r a in s  and changes in curvature

and torsion are taken from Ref. 18. They were derived b y emp loy ing the

smeared technique .

5 
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N = E  [(l+x )€ + V C  - e X  ~t Jxx xx xx xx yy x xx xx

N = E He + (l+X )e - e X s.
yy xx~ xx yy yy y yy yy

N E [ l -v )e  Txy xx xy
(2)

12 2 12
M D; (l+p ) + — e A  Ht +va - — e X  e
xx xx x xxJ xx 

~~~~ 
x xx x

1 2 2  - 12
M D~~~. +~~ (l+p )+ — e A  l . t  - — e X  ~yy t. xx L ~~ y yyi ‘

~~‘ ‘ “

M = D ( l - \ . )
xy xy

where

E = E t / ( l - ; 2 ) ;  D = Et 3/ 12 ( l -V 2 ) ;  
~~~ 

= A ( l-v 2 ) / t~

X = A ( l- - .~~) / t L  ; p = El /DL ; and p = El /DLyy Y y xx xc x yy yc y

From Eqs . (2 )  one may derive the f o l l o w i n g  expressions fo r  the

re ference su r f ace  s t r a i n s

c a N  + a N  + a s ~ + a sxx l x x  2 yy 3 x x  4 vy

e a N  + b N  + b ~~t + b ~~ (3)
yy 2 x x  2 yy 3 x x  4yy

~ = ½ ’ ~ N / ( l -V ) E
xy xy xy xx~

where

a = (l+X )/~E ; a = -v/CE ; a = (l+X )e N b
I yy xx~ 2 xx~ 3 yy x xx

a -:e N Icy ; b (l+X )cyE ; b -ye N /çy (4)
4 y y y  2 xx xx 3 x

xx6



b (1+X )c N /c~; 
= [l+A )(l+A 

~ 
2~

4 xx y y y  xx yy

By employ ing the principle of the stationary value of the total potential

one can der ive  the fo l lowing equ i l ib r ium equat ions

N + N  = 0xx ,x xy,y

N + N  = 0
xy,x yy ,y

N
M + 2M + M -12 + [N (w, 4w? )

~~, 
+ [N (w , 4w? )

~~,xx ,xx x y , xy yy ,yy R yy y y y xy x x y

+ [N (w, 4w? ) ‘, + N (w, ~? ):,xx x x~~~ x xy y y x

i;v introducing the Airy stress function , as N -N + F , , N = F ,- xx xx yy yy xx

anct N = -F , where N is the level of the applied uniform axial corn-
xy xy xx

pression , the first two of Eqs . (5) are identicall y satisfied .

Next , by eliminating u and v from the first three of Eqs. (I), employ-

in~ Eqs . ( 3 ) ,  t h e  A i r y  s t ress  func t ion  and the las t  three of Eqs . (1) one

can derive the compatibility equation in terms of the Airy stress function ,

F and the radial displacement , w. If one expresses the third of Eq. (5)

in terms of F and w , the governing equations consist of two coupled par-

tia l d i ferential equations in F and w. These are :

Equilibrium

Dl wT - L F~ - F , /R + N (w , + w? ) -LLF ,w + W
° = 0 (6)

11 - Cl - - xx xx xx xx

Compatibility

L ‘F: + L ‘
~~: + ~L w ,w + 2w° + w , bR = 0 (7)d q - xx

where Ld ,  L.~. and L are differential operators defined by L

g7
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L [sJ = g s, + 2 g s , + g S , (8a)
g 11 xxxx 12 xxyy 22 yyyy

with

d = ( l+N )/ccE11 xx xx p

d 12 
= [(1+X ,~~

)(1+N yy) 
- vJ b ~~ l_ V ) E ~~ 

(9a)
p

d22 
= (l+

~
A
yy

) /aExx

e
2
N (1 + N - ,)2)

h = l + p ~~~~~~ 
x x x  yy

11 xx

ye e N N
h12 

= 1 + x Y
cy

XX 
~~ (9b)

e
2
X (1 + N -

h = 1 + ~~ + !.~ 
y y y  xx

22 yy

q -~~ e~~ i1ci11 x xx

= :(l + 
~yy

)e
x
&xx + (1 + ~~~~~~~~~~~~~~~ 

(9c )

q - ‘..e~~ / -.22 y yy

and L is a differential operator defined by

L[S,C = S . T , - 2S , T, + S , T, (8b)
xx yy xy xy yy xx

The total potential expression , in terms of the A iry stress function and

th e radial disp lacement , is given be low

2E 
A 

~~~~~~~ + ~~2
F

~~XX 
+ 

~3
F
~ xxF~ yy 

+ 
~4
F
~xy

)dA

9



-

+ 
2 
~A 

(cy
1~~~~~~~~~~ 

+ + c/
3
w
~xx

w
~ yy + c~4

w
~~~

)dA (10)

- 
XX 

~ (2~ F, + ~ F , )dA + nRL N2 - N 2iiRLe
2E 1 yy 3 xx E xx xx AV

xx A xxp p

where  c’AV (average end sho r t en ing )  is given by

e = - u , dA/2nRLAV 
A

and

= d 22 Exx ~ 
~2 

= d i1Exx ; p
3 

= - 2vbo ; = 2b( l  -

p p

= h22, 
~2 

= 
~~11~~ ~Y 3 

= 2jl + = 2(1 - v) (11)

S i m i l a r l y ,  the express ions  for  the average end shor ten ing  and “un i t

end s h o r t e n i n g ” at  y = 0 are given b y

2~’R L
e . I \  - v--—— a F , + a F , + a w , + a w ,

AV I xx .~ ‘RL 1 vv 2 xx 3 xx 4 yy

- w , (w, + 2w )dxdy (12a)

L ,
t a N  _ !  a F , + a F , + a w , + a w ,

l xx L
0~ 

I yy 2 xx 3 xx 4 yy

- w , (w , + 2w~
1
)~ dx (12b)

Nut . tha t e measures  the  amount  of end shortening per unit of cy linder

le ngth , L. The associated boundary conditions are either kinematic or

f l , I t I I r , 1 1 ( hu t  not  b o t h )  e x c e p t  f o r  the direction associated with the length

l0



of the cy l inder  (x) in which case the disp lacement component u is f ree

and the s t ress  r e s u l t a n t N must  equal  to the app lied s tress  r e su l t an t ,

-N Thus a t  a boundary character ized by x = 0 or x = L the boundary

conditions are :

Either or

in-plane

N = F , - N  - N
xx yy xx xx U = constant

N = 0  v 0
xy

t ransverse

M = 0  w , = 0
xx x

Q O  w 0

The expressions for the moment resultant , M , and the effective transverse
xx

shear , Q ,  are

M y w , + y w , + 
~ 

(F , - N ) + ~~‘ F,xx 1 xx 2 -y y  3 yy xx 4 xx
(14)

Q = (F , - N )(w , + w? ) + F , (w , + ~? ) - M
x yy xx x x xy y y xx ,t xy,y

where

= Dh
11

; v2 = D ~~ ; 
~~~~ 

= - O
3

~~ V
4 

-b
3

The general computer program is written for the following end conditions

(SS1 , CCi ,FFi , I = 1,2,3,4)

11



r ~~~~~

-

~~~

-----

~~

--- -

~~~~~~

S S :  w M  = 0  1 . F , F , 0
xx xy yy

CC :  w = w , = 0 2. F, = 0; u = Cx xy

FF: Q M O  3. v F , 0 (15)

H 4. v 0 , u C

where C is a constant.

The conditions in u and v can he expressed in terms of w and F as

in Ref. 14. For examp le , the condition u = C in SS -2 can be replaced by

a condition expressed solely in terms of w , w0 , F and their gradients .

This is accomplished by the following procedure :

This boundary condition , S S 2 , at x = 0 or L given w = 0; F, = 0,

N = 0 and u = C. The firs t two are in terms of w and F. The third one ,xx

M = 0 , from the first of Eqs . (14) is expressed in terms of w ,F , and

their gradients . rcr the last one , one notes that [see Eqs. (1) and (3)~

1 o o~~= 
~ ~~~~~ 

+ v 
‘
~~~ 

+ 
~~~~~~ 

+ w~yw ~~ 
+ w, w ,~~ = _F

~ xy b (l v)E

(16)

s ince  F , = 0, w , = 0 because w(O,y) = 0, and u , = 0 because u ( 0 ,y)  = C ,

Eq.  ( 16) becomes

0v, + w , w , = 0 (17)
x x y

Similarl y, from Eqs . (1) and (3) one may write

e = v , + ~~[w , ( w , + 2w? )] -

(18)

a N  + b N  + b k  + b k2 x x  2 y y  3 x x  4 yy

This equation , Eq. (18), is val id at any point along the shell , there-

- - - 

12
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f o r e  d i f f e r e n t i a t i o n  w i t h  respect  to x does not  v i o la t e  i ts  v a l i d i t y .

If this is done and if the N ’s and k ’s are expressed in terms of w , F,

and the i r  g rad ien t s , one may write
w

1 o o ‘v , + - Lw , (w + 2w , ) + w , (w , + 2w, )] -
yx 2 xy y y y xy xy R

(19)

a F , + b F , + b w , + b  w,2 yyx 2 xxx 3 xxx 4 yyx

Evaluation of Eq. (19) at x = 0 or L, and use of the f a c t  that

w , (O,y) = 0 yields

v , + w , w? - w , I = a F , + b F, + b w , + b w , (20)
vx xy v x R 2 yyx 2 xxy 3 xxx 4 yyx

Differentiation of Eq. (17) with respect to y, yie lds

0 0
v + w , w , + w , w , = 0 (21)

xy xy y x yy

Suh~;titut ion of Eq. (21) into Eq. (20) y ie lds a boundary condi t ion equi-

va lent to ti = (F , or

h F + b w , + b w , + w , (~~ 
+ w ~ ) = 0 (22)2 xxx 3 xxx 4 yyx x R yy

Simi lar steps may he fo l l owed  to express a l l  poss ib le  boundary condi t ions

in t e r m s  of w , F , and t h e i r  g r a d i e n t s .  In order to save space only the

f i n a l  exp re s s ion  for  a l l  possible boundary cond i t i ons , Eqs. (15), are

g i v e n  below , which have been incorporated into the computer program (see

Append ix B)

SS-1 w y w , + y F, F , F , = 0
— I XX 4 XX X~ yy

SS-2 w = V 1
w , + v3çF~ 

- N )  + y4F , = F , = 0

h F , + h w , + h w , + w , ‘-
~~+w? 

‘
~~= 02 xxx 3 xxx 4 vv x x ~~~~ yv ,’

13
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SS-3 w y w , +~~~F, F, = b F , + b w , 0
1 xx 4 xx yy 2 xx 3 xx

SS-4 w = y w , + ‘~‘ (F - N ) + y F, = a (F , - N ) + b F ,— 1 xx 3 yy xx 4 xx 2 yy xx 2 xx

+ b w , = 03 xx

r
a +2/ .F , + b F , + b w , + b w ,2 (l- ’e)E J xyy 2 xxx 3 xxx 4 xyy

p

+ w , (~ 
+ w ? )  = 0 (23a)

CC-i w = w , = F , F, = 0
x xy yy

CC-2 w w , = F , 0 b F , + b w , = 0— x xy 2 xxx 3 xx~

CC-3 w w , = F , = 0  b F , + b w , 0x yy 2 x x  3 x x

CC-4 w = w , = a F,—N + b F, + b w , = 0x 2 yy xxi’ 2 xx 3 xx

a + 2/(l-y)E IF , + b F , + b w , = 0 (23b)2 x x i  yyx 2 xxx 3 xxx

S i m i l a r l y  the FF-1 condi t ion and the symetry and antisymrnetry conditions

at x = L/2 are

FF-l y W , + y W , + y F, = F, = F, = 0— l x x  2 y y  4 x x  yy xy

~4
F, + 

~~~~~~~ 
+ L V 2 + 2D ( v)

~~~
,
~~~ 

+ 
~~~~~~~ 

- w ? )  = 0

(23c)

Symmetry (w , = = N = u 0)

14
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y w , + y F, - (F , - N ) w~ 0x 1 xxx 4 xxx yy xx x

F , b F , + b w , + w ? w , = 0xy 2 xxx 3 xxx x yy

(23d)

A n t i sym m e t r y  (w M = v = F , = 0)

w = 
~ lW

~ xx + y4F , = 0

F, = b F , + b w , = 0yy 2 xx 3 xx

The problem , as formulated herein , is to find the limit point which

represents the buckling load for  the imperfect  configuration . This imp lies

to solve the f ield equa tions , Eqs . (6) and (7), subject to the proper

boundary condi t ions for a g iven imperfect ion and leve l of the app lied load

(small initially ) ,  -N , and thus obtain the corresponding amount of “unit

end shortening”, Eq. (12b). By plotting N versus e one can obtain the

limit point (theoretically).

15



CH&PTER III

SOLUTION METHODOLOGY ; NONLINEAR BUCKLING ANALYSIS

By employ ing  the von K~ rrn~n-Donnell kinemat ic re la t ions  the f i e ld

equations consist of two coup led , nonlinear , partial differential equa-

tions in terms of the transverse displacement , w , and the A iry stress

f u n c t i o n , F.  The procedure emp loyed herein for accomplishing a solution

is bas i ca l ly s imi l a r  to tha t  of Refs . 13 and 14. The system of pa r t i a l

differential equations is reduced to a system of ordinary d if f e r en t ial

e q u a t i o n s  by us ing a separated solution (Fourier series) of the following

fo rm (see Refs . 13 and 14).

K m yw(x ,y) = ~ W . (x) cos —i-.
i=0

21<. F
F(x ,y) i 0  ~~• (x) cos (24)

K
0 0 lfl

w (x , y )  = E W. (x) cos 
Ri =0

Note that W~~(x) denotes the known coefficient of the ith component of the

geometric imperfection , and n is the parameter associated with the number

of full waves around the circumference.

By substituting Eqs. (24) into Eq. (7), employ ing trigonometric

identities of double Fourier series as in Ref. 19 involving products and

the orthogonality of the trigonometric functions , the compatibility equa-

tion becomes

16



fo r  i = 0

2 K
- q

11~~ 
- W°/R + -

~~
-

~~ E j
2 (W . + 2W °

~)W .~ (25a)
11 - 4R j 1  ~

for i = 1,2,...2K

,,,, ,. 2 ,, ~~~. 4
d11f . - 2ç~~) d 12 f1 + d

22 f~

2 ,, . 4 ,, -

+ 5.L q
11

W • - 2(f) ~12
w~ + 

~~ 
q~ 2W . + W / R ~

- ~ 

j=0 
~~~~~~~~~~~~~~ + 2W~~~.)

(25b)

2 2 o+ (2 — 
~1~ ...1)(i—i) 

~~~ 
~~~~~~~ ~~ ~~~~~ 

+ 2W
1 i— i l )~W 1

+ ro~÷~(W~+~ + 2W?~~.) + (2 - 

~j-i~
6Ii - j I~ ji -jl + 2W~~. . 1 ) ] j~~~ .

+ ~~~~~~~~~~~~~~~~ + 2w~~ .) - 
~~ . . 1 i i 1 6 1 1  . 1 (W j .  • l + 2W~ 1~~ 1

)]iW~~; 
= 0

where 

1
0 £ > K 

~~

- 1 2 < 0

0 2 = 0

11 2 � K  L 1 2 > 0

and

dx~~

Next , if Eqs . (24) are substituted into the equilibrium equation , Eq. (6),

17



and the Ca lerkin procedure is employed (cos is the weighting funct ion

i = 1,2,...K), the vanishing of the (K+l) Galerkin integrals leads to the

following system of (K+1) ordinary differential equations

for i = 0

2 ‘‘ 2w [Dh 11 + q11 /d 11] + W [2q11/R~d11] + W0[l/R 
. d11] +

2 K  q
- 

~~~~ E J2{~.L~[(W . + 2W~ )W ’.’ ÷ (W ’.’ + 2W’
~”)W .

4R j 1 11 -~ ~ -~ ~

+ 2(W~ + 2W <?’)W~] + Rd 11 
+ 2W~ )W . - 2[(W + W~?) f ~’

+ (W~ + W~ ”)f . + 2(W ! + W~~’) f ~J) = 0 (26a)

fo r  i = i,2,.. .,K

- 2 . 4
L~ h11W?” 

- 2(,,
.
~~

’ h12W~ + (
~

) h22W.

- ~ q11f~ ” 
- 2F 

~~ 
q12f~ 

+ (~~)

4
q22 f~ + f~ /R

+ + w?”~ 
- ~~~~~~~~ ! (

in)
2

] 
+ W~ ) -

4 .2 K
÷ W?) + .

~~
— ~~~~ (W . + W ’

~) ~ j
2 (W , +2W~ )W .

1 4R4 d 11 1 1 j=l -~ ~ -~

2 2K
+ 

~~2 j 1  .[[(i+~)
2
ô ( W  +W?÷ .)

18 
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+ (2 - 1~~~~~ .) (i-j)
2
5 

~~~~~~~ 

(W
1 ~~~ 

+ W°~ 
~~~ 

)1f~

+ 
~~~~~~~~~~~~~~~~ 

+W?~~.) + (2 - 1~ .)ô1 . .1 (Wj’. . 1  + W ~ ’ .1 )~~i
2
f~

+ 2[ (i+j)ô.~~. (~1j +j +

- ~~~~~~~~~~~~~ +w~~. . 1 )] jf~~ 
= 0 (26b)

For a given value of the app lied load , N , and imperfect ion, Eqs . (25)

and (26) represent a system of (3K + 2) coup led nonlinear differential

equations in (3K + 2) unknowns, f. i = 0,1,2 2K and W . I = 0,1,2 ,K.

These equations denote equilibrium and compatibility conditions . Similar ly ,

the express ions for the total potential , UT~ 
average end shortening, °AV ’

and “unit end shortening”, e, become

L /  ~ 
_ W  2~~~ .2

U
T 

= nR 
{Tf L 

- q 11~~ 
+ ‘ i

2 (W . + 2W~ )W
1

\ xx
i, 

d11 4R 5=1

~~~! 

~~~L~~l(R) 
~~ + 

~~~~ 
- ( )  f~ f. + ~4(?)

2 
f~
2~~

+ D a2
W ’2 

+ .~~ ~ L~(*)~ 
w~i + w 2 

- ( )  W?W
1 
+ ( )  w~

2
~

r=i

19



N~~~ — W  2 K

- 
d E  L ~~ 

- q11~~ + 
a_.~ ~ i

2 (W . + 2W?)W . > dx11 xxp 4R 
i=1 /

~ 1
TTRL -2 -

+ N - N  2riR Le (27)
E xx xx AVxxp

L a -W 2 - ‘

CAy 
= a

1N + 
~ S0 ~~~ L~ 

+ q11~~ 
- 

~~~~~ : i
2
~W . + 2W?)W .

- a
3
W~ + W ’ (W ’ + W°’) + ~ + W? ’ )j  dx (28a)

K
L a -W 2

e = a
1
N + 

L R  
+ q11 W

” - ~~~~~ ~~~~i
2
(W. + 2W?)W .1

2K K K
E / .  \ 2 ~ ~~

.

+ F a f . - a f’.’ - a ‘ 14’.’ + a - ~~~ w .
L. L l \ R /  i 2 i j  3 /~ 1 4 \R, 1

i=l i=0 i=l

+ W! ~~~ (W~ + 2W ? ’
)>  

dx

Finall y, the appropriate boundary conditions are expressed in terms

of W , 14?, and f .. Note that , because of the character of the nonlinear

d i f f e r e n t i a l  f i e l d  equa t ions , Eqs . (.6) and ( 7 ) ,  b y s e t t i n g  n = 0 on e

obtains the linearized version of equilibrium and compatibility. Further-

more , it is easil y seen f r om Eqs. (24) that n = 1 inc ludes the axisymmetric

mode since the summation on i starts from zero. In addition , it is seen

f r o m  the Fourier series representation of the imperfection that this

20
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express ion is s u i t a b l e  for the case when the imperfection is of the same

shape as the buckl ing mode , as well as for any arbi trary symmetric (with

- 
. respect to y) imperfection shape . In this latter case , in order to obtain

a solution it is necessary to let n = 1 (in the series representation

for 140) and take K large enough for an accurate representation of the

imperfection and for achieving a convergent solution. By employing Eq. (24)

the expressions for the various boundary , symmetry and antisymmetry condi-

tions become , Eqs . (23),

SS-1 14 = W ” = 0
o o

= 

~
‘l

14
i 
+ 

~~~~ 
= 0 j =

f~ = f . = 0 i = 1,2,... ,2K
1 1

SS-2 14 W ” - Y N 0
— o o 3 x x

in 2 
~14 . = ~ 1

W~ 
— 

~~~~~~ + 
(T) 

f 1 + 
~~~~ 

= 0 i =

= 0 i = l ,2,...,2K

. 2
b ft” + b 14.” - (k’) b W! + -

~~ 14!2 i  3 1  Ri 4 i  R i

- 

~~~~~ 
~~~~~ 

[
~~~~~~~~~~~~

°

~~~~i 
+ (1 - 

~~~ i 
+ 

~~~ ) ~~~~~~~~~~~~~~ 
= 0 (29a)

i = l ,2,...,2K

SS-3 14
— 0 0

W = .~.1
w ” + V 4

f’ = O

21
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f . = b f’.’ + b 14’.’ = 0 i = l,2,...,2K
i 2 i. 3 i

sS-4 = 14” = 0
— 0 0

W i = V 1
14
1 

- 
~.)

2 
+ + ~4f~ = 0 1 =

~~~—

-a N + (— )  f~ + ,~ f’.’ + b 14’.’ = 0 ; i = l ,2 , . . . ,2K
2,. xx \R/ 1 : 2 1  3 i

. 2

- ~a + 2/(l-V)E I (.~.a) f! + b f” + b 14’.’’ - b (~~~~ w !  + 11 4 !

L 2 XXPJ R 1 2 i 3 i 4’~ R I  1 R

K

- 
~~2 

(i+i)~~~ ÷~ 
+ 

~‘ 
- 
~ j-l 

+ 
~i~~~i-i 1~ 

~~ 
= 0

i = l,2,...,2K

CC-l w = w ! = O  ,

f! = f . = 0 , i = l ,2,...,2K

CC-2 w . W ! 0  , i = 0 ,l ,2 , . . . ,K

f ’ = b f ” ’ + b ~~~
i 2 i 3 i = 0 , i = l,2,...,2K

(29b)

CC-3 ~~~~~~~~~~~ ,

f . = b f ’? + b 14’.’ = 0 , i = 1,2 , .. .,2K
1 2 i  3 1

Cc -4 14 . = W ~ = 0 , i = 0,1,2,...,K

22
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- ~i 2 N + (.
~~

) f .~ + b
2f’.’ 

+ b
3
W ’.’ = 0 , i = 1,2,.. .,2K

- + 2/(1-v)E j (
~~
)

2~~ 
+ b

2
f~~’ + b

3
W~~

’ = 0

i = l ,2,...,2K

2~~~~~-

FF-l 
~~~ V 1 

- v4
q11/d 11] 

- 14
0V4

/Rd 11 + ~2 
j 2

~~. + 2W~ ) 14 . = 0
R 11

- ~4q11/d 11 F + ~~~~
‘ - y4/Rd 11 , + NxxWo

2 K

+ 
4R 2d 

.2[~~ + 2W~ )jW~ + (W~ + 2W~~’ )W . I  = 0

11 j l

- ~~ y2141 + y~ f~ = 0 , i = 1,2,.. .,K (29 c )

- . \ 2 —
+ y1

14~~’ - V2 
+ 2D(l-v )~ (

~~
) W~ + N ( W~ + 14.’) 

= 0

i =

i l ,2,...,2K

Symmetry W ’ = 0

2 K

- . 
~~~

‘(V 1 
- ~4q11/d 11) + 

4~~d11 
~~~j 2[~~1 + 2W~ )W~

23
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+ + 2W~~~)W~~j  + L L 5
~+~

14

~÷~ 
+ (l

~~~~ l 
+ ~~~)14

O
5 •2f = 0

= V 1~~~
’ + V4~~~

’ + 
~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

+ (1 - 
~~~~~

. + 
~~

) 61 . .1 W~~. . 1J i f . = 0

i = l ,2,...,K (29d )

2 
K

f! = h f’.’’ + b W ’.’’ - 
~
— , 14? . + (1 - . + ‘fl . )w ° . ~~~ = 0

1 2 1 3 2R 2 .
~ L 1+3 3 — 1  i l i —i l] j

i = l ,2,...,2K

Antisymmetry : same as SS-3 (29e)

The solution procedure employed is described below .

A generalization of Newton ’s method (Refs. 20 and 21), appl icable to

differential equations , is employed to reduce the nonlinear field equations ,

Eqs. (25) and (26), and appropr iate boundary conditions to a sequence of

linear systems . In this method , the iteration equations are derived by

assuming that the solution is achieved by a sma l l  correc tion to an

approximate solution (initially taken as the linear solution). These

small corrections are obtained through the solution of the l inear ized

(with respect to the corrections) differential equations .

The l inearized differential equations are written in matrix form as

follows

Field equations

IR] ~Z”) + [s] f i ’} + rT] f z }  = [g} (30)

24
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B oundary  Cond i t ions

[g] {z ’} + [~] [z} = f~} (31)

where [Zi is the vector of the 6K + 2 unknowns .

= 

~~0’~~l’~ ~ K’~~l’~ 2’”~~ 2K ’ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~ 
(32)

Note that f has been eliminated in a manner similar to that of0

Refs . 13 and 14.

These ordinary differential equations are cast into the form of finite

difference equations , and the system of ord inary equations , Eqs . (30) and

(31) , are changed into a system of linear algebraic equations . The usual

central difference formula is used at all mesh points , i.e.

Z~ 
= (Z

2~~1 
-

(33 )

Z~ 
= (z~~ 1 - 2Z

2 
+ Z2+i ) / A 2

Note tha t the second derivatives in 14. and f . are taken as independent
1 1

elements of the vector of the unknowns , therefore the second of Eqs. (33)

app lied only to fourth derivatives of 14. qnd f .. By using one fictitious

point on each side of the cy linder ends one obtains a system of (6K + 2) X

(NP + 2) difference equations (NP - number of mesh points).

These equations are :

C~~~~ cz} + 
~~l ~z 1} 

~ ~~~ ~~~~ 
=

[c 2J {Z~~~1
) + [B~~J fz L ) + [A

2
] [z~÷1J = g2

; 2 = 1,2 , . . . ,NP

[CNP] IZN P I ) + L~ NP] [zNp } + [ANP J {zNP+l } 
= 

~~P 
(34)

25
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wh ere [z~~ and fZNP+l} are unknown vectors at the LWO fictitious points ,

and the matrices in Eqs . (34) are given by

I . [C
1
] = - 

~~ ~~~~ 
[CNP J = - 

2~ 
[SNP J

[B
1
] = L

~NP~ 
= [TNP]

= 
2(~ 

[s 1] ; [ANP] 
= 

~~~~

[c
2] 

= . - ~~ [s2 J

[B
2
] = - 

2 [R2
] + [T

2
] £ = 1,2,... ,NP

[A2
] = 

~~~~~ 
[R

e
] + [s 2]

The system of Eqs . (34) can be written , for all the shell mesh points ,

as F

C~ ~~ A~ Z

C B A  Z g

C
2

B
2~~~~~~ 

Z2 ~2

4-

C~ J B 2 IA 2 f g
2 

(35)

~~~ 
1 B 1 A 1 ZL NP-l NP-i NP-l NP-I

~~NP BNP ANP ZNP

[CNP BNP ANP ZNP+1

26



- - 
-_

This system is solved by the spec ial algor ithm which is reported in Ref. 22.

When the load parameter is at a limit point a unique solution does

not exist (the system becomes singular) and thus the solution does not

converge . Therefore, the solu t ion pro cedure goes as fol lows : f irs t ,

the system of equations is solved for a small level of the applied load

(s ay 207~ of the classical buckling loa d ) ,  then a multip le of this solution

is u sed for a small increase in the load parameter until the process fails

to converge . The load leve l at which the solution fails to converge is

taken to be the critical load . Note that , when approaching the limit

load , if the increment in the load value is large enough so as to place

the systems at equilibrium far beyond the limit point , the system in some

cases , does converge . In this case , since the interest is in the limit

poin t value only, one can check the sign of the determinant of the coeffi-

cients of the unknown vector . If the sign changes , by tak ing a large

increment in the load level, one must decrease the increment and proceed

w ith the solution . Large increments are used in the procedure in order

to save computer time . Because of the use of large increments and since ,

in some cases , the solution converged at both consecutive steps the

criterion of the change in the determinant sign is employed to establish

the exis tence of a critical point within the range of these consecutive

steps . At each leve l of the load for which the sytem is solved , the

value of the number of full circumferent ial waves is needed . Different

values of n are used to obtain a solution , and the one that minimizes

th e total potential , Eq. (27), is taken as the correct one (see Refs . 13

and 14). Numerical integration is used to find the total potential.

27
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The number of n values to be tr ied at every incremen t of the load is

small , since the circumferential mode does not vary significantly with

smal l  increases in the load , N . The end shortenings at each leve l
xx

of the app lied load are also computed through numerical integration .

28

_ _ _ _ _ _ _  -_ -- ~~.-—--— -- - -— ---~~~~~~
_
~~~~~~~~~~-



Chap ter IV

APPLICATIONS AND DISCUSSION

The mathematical formulation and the method of solution for the

buck l ing  anal ysis  of imper fec t , t h i n , c i rcular , s t i f f e n e d  cy l indr ica l

shells under uniform axial compression is presented in Chapters II and III.

The methodology is demonstrated through a number of illustrative examples.

Numerical solutions are obtained by emp loy ing the Georgia Te ch high speed

d igital computer CDC-CYBER 70, Model 74-28. A general program is written

(see Appendix  B) which includes the fo l lowing  des i rab le  f ea tu re s : (a)

i t  is app licable to stiffened (in either or both d i r e c t i o n s) geometr ies

as we l l  as u n s t i f f e n e d ; (b) it accomodates a l l  poss ib le  boundary condi-

tions (SS ,CC ,FF , etc.), and it can easily be modified to accomodate elastic

end restraints; (c) the number of Fourier terms (K) can be as large as

des ired . The same holds true for the number of points (NP) in the

finite difference scheme ; (d) the geometric imperfection can be axisym-

metric as wel l  as an arbitrary symmetric (w.r.t. y) one . The progr am

ca n eas i ly be modified to include other destabilizing load ing conditions

such as pressure and torsion .

Altho ugh the program is highly dimensional because of the number of

Fourier terms , number of points and number of required iterations , the

solu t ion is obta ined with reasonable CPU time . For example , by using

K = I (one-term) and 65 points (536 unknowns) it requires four seconds to

comp lete one iteration ; for the same but K = 2 it requires 15 seconds.

For a convergent solution to be obtained at low levels of the applied

load two iterations are sufficient. At load levels approach ing the limit
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point six iterations are needed (convergence: percent difference < l0~~~) .

The numerical results for all the illustrative examp les are presented

in t abular form in Table 1. A number of these examples are taken from

the open literature in order to check the present solution. In addition ,

new results are generated and the discussion of both is given below . In

this tab le , for each example considered , the buckling load (see columns

of ~ and N /N ) is bracketed between two numbers (denoting thexx xx xx
cr cr c2

desired accuracy). The first number denotes the highest leve l of the load

for which a convergent solution is obtained and the second number a level

hi gher than the limit point (according to criterion discussed herein).

In all examp les , the imperfection is taken to be symmetric with respect

to x = L/2 and therefore the response is taken to be symmetric . Thus

only half of the cy linder is analyzed by emp loy ing the appropriate symme-

tric conditions at x = L/2 . The examp les can broad ly be cl assif ied in

one of the following four categories: (a) unstiffened (Examples 1-5);

(b) stringer-stiffened (Examples 6-9); (c) ring-stiffened (Examp les 10

and 11); and (d) ring- and stringer-stiffened (Examples 12-21). In each

of the  four  ca tegor ies , a t  l eas t  one case was c a l c u l a t e d  for  two d i f f e r e n t

t runcated Fourier series (K = 1 and K = 2) and for two different number

of points (NP = 35 and NP = 65) in order to check the effect of these

two parameters on the convergence of the solution .

(a)  U n s t i f f e n e d  (Examples  l-~j~ This geometry is taken f rom R e f .  16.

On l y  Example  3 is reported in Ref. 16 and the results are in very good

ag r e e m e n t .  Examp les 1 , 2, 4 and 5 are considered in order to assess the

effect of boundary conditions for this type of an imperfection (see Table



I). It is seen from the results that the effect of in-p lane boundary

conditions is significant for the simp ly supported case and insignificant

for the clamped case. In Example 2 , because of the u C in-p lane boun-

dary condition , the criterion used for finding N is that the deter-

minant (see Chapter 3) goes to zero. It can be seen from Fig. 2 that

as the sign of the determinan t changes the radial mode of deformation

changes . The calculations for this case were based on K = 1 and 65 grid

points in the axial direction (for half the cy linder length).

(h) St ringer-stiffened (Examples 6-9). The geometry for these examp les

is taken from Ref. 9 and referred to , in it , as heavy stringers. The

present results are in very good agreement with those of Ref. 9. Examples

6 and 7 correspond to Z = 95.4 with external stringers and the imperfec-

t ion shape is virtuall y axisymmetric in Examp le 6 , and symme tric in

Example 7. The axisymmetric imperfection yields greater reduction than

the symmetric one . Note that , for  this  case , the perfect geometry

buckles axisymmetricall y. Examp les 8 and 9 correspond to Z = 394 with

ext ernal and internal stringers respective ly and an imper fec t ion wh ich

is primaril y axisymmetric . From these examples one can conclude (as in

Ref. 9) that imperfection sensitivit y is greatly affected by the curva-

ture parameter Z, and that externall y stiffened configurations are much

more sensitive to geometric imperfections than internally stiffened ones .

These cases were anal yzed w it h 35 and 65 gr id points in the axial direc-

n o n  for half the cy linder length . From these computations one can see

(for a typical case , see Tables 2 and 3) , that the critical load and the

response (w ,F) f or each n are a lmos t the same regardless  of the numbe r
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of points .

(c) Ring-stiffened (Examples 10 and 11). This geometry is also taken

from Ref. 9, and it corresponds to light ring-stiffened cy linders with Z

= 394 and external and internal positioning of the rings respective ly.

Altho ugh the numerical results of the present analysis are in good agree-

ment with those of Ref. 9, the conclusion concerning the effect of ring

positioning on the sensitivity is reversed . According to the present

results internal rings make the overall configuration more sensitive than

external rings .

(d) Ring and stringer stiffened (Examples 12-21). These examp les are

chosen to demonstrate the methodology for ring and stringer stiffened

configuration . In addition , the geometries were chosen itt such a way

that some comparison can be given with stiffened configurations of the

only stringer or r ing stiffened type . These examp les correspond to a

geometry for which Z = 95.4,(e I t )  = + 6, (e I t)  = -4- 3, ?~ = 0.455 ,- x — y -— XX

= 100, and Py 
= 20 (see Tab le 1). The imperfection shape is taken to

be similar to the buckling mode and the imperfection amp litude is varied

from half to four t imes the thickness of the skin . The reader is reminded

that the analysis is based on the smeared technique . According to Ref. 9

this configuration withou t rings is highl y sensitive to geometric imper-

fections when the stringers are positioned on the outside and virtua lly

insensitive for inside positioning of the stringers . The present results

(see Table I) ind icate that with the presence of rings the sensitivity is

reduced for external stiffeners and aggrevated (increased) for internal

st iffeners. Examples 12-16 correspond to external stiffening , wh i le
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examp les 17-21 to internal stiffening. The configuration is checked for

a pr imar i ly axisymmetric imperfection (examples 12 and 17) as well as

symmetric imperfections (remaining examples). The effect of -
~~~ t~ imper-

fection amplitude is checked for symmetric imperfections and both exter-

nal and internal stiffening . This effect is shown graph i c a l ly on Fig. 3.

Fig. 4 shows the p lots of load versus “unit and shortening ” for three

amp litudes of the symmetric imperfection and external stiffeners . Table 2,

wh ich corresponds to examp le 14 l)Ut is typ ical fo r al l  examp les considered ,

dep icts in tabular form the computational procedure required to arrive at

the final results shown in Table 1. From this table one can see that the

minimum total potential correspond s to n = 4. For this n value , all

results are the same for NP = 35 and NP =65. In addition , when K =1

and K = 2 , th e critical load differs by 4~/ or less. Table 3 presents a

comparison of response (radial dis placemen t and stress function amplitudes)

and critical loads for different K values (number of Fourier terms) and

two different values of NP (number of grid points).
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Table 2. Computations for Estimating n and N
xx

(Example 14). cr

N ~29L. Points Total “end No. of CPU TIME
XX Nx~~ n k NP potential shortening ” Iterations (SEC)

19000 0 . 5 4  3 1 • 35 -10777. 0.021870 3 9

22000 0 .62 3 1 35 -1~s~ 99. 0.025424 4 ii

23500 0.67 3 1 35 -16590. 0.027394 4 12

25000 0.71 3 1 35 over l im i t poin t 
___________ ____ —

13000 0.37 4 1 35 - 5028. 0.015124 3

16000 0.45 4 1 35 • - 7628. 0.018620 3

19000 0.54 4 1 35 -10785. 0.022161 4

22000 0.62 4 1 35 -14534. 0.026189 6 20

22750 0.65 4 1 35 over limit point 
___________ _________

19000 0.54 4 1 65 -10784. 0.022160 4 19

22000 0.62 4 1 65 -14534. 0.026188 6 33

22750 0 .65 4 1 65 over limit poin t 
___________ _____

19000 0.54 4 2 65 -10789. 0.022232 4 70

20500 0.58 4 2 65 -12590. 0.024197 5 90

22000 0.62 4 2 65 over limit point 
____________ _________

19000 0.54 5 1 35 -10745. 0.022248 4 11

22000 0.62 5 1 35 -16443. 0.025847 4 11

22750 0.65 5 1 35 -15459. 0.026813 5 15

23500 0.67 5 1 35 over limit point 
_________

‘2000 0.62 6 1 35 -14362. 
- - 

0.025764 4 11

22000 0.62 7 1 35 —14318. 0.025762 3 9

22000 0.62 12 1 35 -14267. 0.025758 2 7
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Chap ter V

cONcLUS I ONS MSED ON THE NONLINEAR BUCKLING ANALYSIS

A methodology for the buckling analys is of imperfec t , thIn , circular ,

cylindrical , st iffened shells under uniform axial compression and for

various end conditions is presented and demonstrated through a number of

examp les. Ott the basis of the results reported herein very few , if any ,

general conclusions can be drawn . Among these one may lis t the follow ing:

(11 It seems that the imperfection sensitivi ty of generally stiffened

configurations strongLy depends on the curvature paramete r .

(2~ Front the examp les considered , it appears that configurations with

externa l stiffening are more imperfection sensitive than configurations

with internal stiffening.

( 3  The few examp les considered seem to support the contention that the

most severe shape of imperfection is that which resembles the buck-

ling mod e .

(‘n 1 h -  c u r ve  that demonstrates the effect of the imperfection amp litude

cr1 the cr it ical load seems to be approaching a finite asymptote

(5 (1 - Fig . 3).

(5) The presence of both stringers and ring s in a configuration alters

the conc lusions regarding the effects of positioning of the stiffeners

and of the curvature parameter on the imperfection sensitivity of a

configuration with either strings or rings only. The limited geneiated

data sug~~-sLs a nonlinear coupling of the individua l effects.

6 In genera l one should not expect the wave number , n, corresponding to

the limit point for an imperfect cy linder , to be the same as the one

40 



predicted by the linear analysis of the corresponding perfect geometry.

Th is dif f erenc e, though, seem s to be m inimized when the conf igura tion 
1

is stiffened in both directions (see Table 1; Examples 12-21).
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Chapter  VI

IMPERFECT ION StNSIT IVITY OF OPTIMAL CYLINDERS

The formulation of minimum weight des ign or optimization of

s t i f f e n e d  cy l i n d e r s  under  d e s t a b i l i z i n g  loads is based on c lass ica l

(l inear )  buckl ing analyses (see References 18 and 23 and references t’~erein).

A knockdown factor is used to account for the fact that such geometries

are sensitive to geometric imperfections . Such formulation and design

procedure is f u l l y descr ibed and demonstrated through a number of

examp les in References 18 and 23.

The precise statement of the problem cons idered in the above two

references (in its most general form) is as follows : Given an internally

stiffened thin circular , cy lindrical shell of specified material , radius ,

and length , find the size , sh ape , and spacings of the stiffeners , and the

thickness of the skin such that the resulting configura t ion can safe ly

carry a given axial compressive load with minimum weight. Since this

confi guration is sensitive to geometric imperfections , a true solution

can be accomp l ished by incorporating , in the design pr ocedure , a nonlinear

buckling analysis (of geome tr i ca l ly imperfect cy linders - as descr ibed in

Chapters Ii and Lit). This task is formidable and it will probab ly

require an unreasonab ly large amount of computer time .

The reasonable alternate to the above approach is to follow the

desi gn procedure emp loyed in References 18 and 23 , establish the ootimum

point in the design space and then perform an imperfection sensitivity

analysis (nonlinear hucklint~ analysis ) on the optimum point as well as

the surround ing des ign space in order t o  e s t ab l ish what  e f f e c t  the



d ifferent design variab les have on the knockdown factor . The design space

t h a t  needs to be inves t igated , for  a given ampl i tude  of the imper fec t ion

(the shape can either be cons idered the same for all design points , or it

can be t aken to be as one that leads to the largest reduction in load - see

chapte r IV), shou ld be es tabl ished apr iori. by emp loy ing the following

cr iterion : if for a given prob lem the optimum weight is 500 lbs., as one

moves away from this optimum geometry (variations in the design var iabl es)

the weight increases; in addition , it is well accepted that stiffened

cy l inders are not as sens i t ive  as u n s t i f f e n e d  ones (on the basis of

available experimental data); therefore , if fo r a g iven imperfection the

critical load is 60% of the correspond ing perfect geometry critical load ,

&knockd owrt factor = . 6 ) ,  then the des ign space in which comparison studies

are made shou ld be such that its boundary weight is no larger than , say

50 , of the optimum weight; this way one can find out if whatever is

gained by be ing at an optimum point (on the basis of linear buckling

ana lysis) is not lost because of large variations in the knockdown factor

as one moves away from the optimum design point. The only ques tion in

this procedure is whe the r  one needs to use one value  of the load and

one knockdown factor in the linear optimization procedure or several in

order to establish how the optimum design po int moves in the design space

with small variations (10-157’.) in the N value used in References 18
xx

and 23. This question is dealth with in the section entitled “Recommended

Design Procedure .”
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1 . Desi~~ Examples

This alternate approach is employed herein and it is applied to the

following two design cases of References 18 and 23.

Case 1. R = 95.5 in., L = 291 in., N = 800 lb/in.,

(R e f .  18) 
E = 10.5 ~ io

6 
psi; p = 0.10 lbs/in~ , v = 0.33 ,

6 = 0.0442 in. (imperfection amplitude)

RSRR (rectangular stringers and rings)

MC 0.02 in. (minimum gage constraint)

Boundary Conditions SS3.

Case 2. R = 85 in., L 100 in., N 2700 lbs/in.,

(Ref. 23) 
E = 10.5 psi , p = 0.101 1bs/in~ , v = 0.33

= 0.1 in., RSRR (rectangular stringer and rings),

TSRR (T stringers and rectangular rings with

C = 1.079 and 1.135)

MG = 0.05 in., Boundary Conditions SS3.

In both cases the imperfection amplitude is almost twice the skin

thickness of the optimum geometry . Both cases are checked for an axi-

symmetric and for a symmetric shape of the imperfection . The results for

the  l a t t e r  shape are reported here in , because they yie ld the g rea t e s t

sensitivity. This shape is given by

0 . mi-ix
w (x,y) 6 s~ n —r- cos 

R -

Case 1 corresponds to a geometry with rectangular stringers and rings

(RSRR) and the optimum design geometry is reported in References 18.

Case 2 corresponds to a geometry with tee stringers and rectangular rings

44

~

- - -~~~-~~~ 
- -

~~~~~~~~~~ 
- -— 

~
~ -



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(optimum stiffener shapes) with vario us fhinge width to web height ratios

(k = 0.65, C = 1.212; k = 0.45, C = 1.135; k = 0.30, C = 1.079)
X x x x x x

includ ing the limiting case of k = 0 and C = 1.000 which corresponds

to rectangular stringers. The corresponding geometries are reported in

Table 6 of Reference 23.

The results are presented in tabular form and are discussed below .

2. Discussion of Results

Case 1. The impcrtant results assoc iated with the investigation of

Case 1 are presented in Table 4. The minimum weight configuration obtained

in Reference 18 is labeled as point 2 on this table. The knockdown factor

for this point is found to be 0.9125 and the shape of the imperfection

that yields the greatest reduction corresponds to the perfect geometry

buckling mode , i.e , m = 17 and n = 9. Because of this , the imper fec t ion

for all design points in the neighborhood of the optimum is taken to be

0.0442 sin cos ~~~~~~, and n for each point is a free parameter and

evaluated such that it yields the most reduction from the classical

buckling load . Points 1, 3, and 4 correspond to the optima l geometries

for spanning values of the curvature parameter Z . Note that as Z decreases

the knockdown factor decreases , wh ich means that the thicker the shell

the bigger the imperfection sensitivity . By comparing the weigh ts and

the knockdown factors for these four points , it can easily be concluded

that point 2 geometry is better than the geometry corresponding to

po ints 3 and 4. The only question exists with point 1 geometry since it

is less sensitive than that of point 2. But , since the weight of poin t
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1 geometry is heavier than tha t of point 2 by 5.57’. wh i le the knockd own

factor is only higher by 2 .87’., one might still conclude that the optima l

geometry (point 2) is the best even in the presence of imperfection sensi-

tivity. At this point the authors would like to point out that these

conclusions do not suffer by keeping m = 17 in the imperfection shape ,

because points 3 and 4, onl y, might be affected by letting m be a free

parameter , in which case the knockdown factor for these points might

become smaller.

Once the effect of the curvature parameter is established , the inves-

ti gators considered the effect of the other design parameters , such as

• extensiona l and bend ing stiffnesses (~ ,~~~ , X ,X  ). For the Z value
• x y xx yy

that corresponds to the optima l geometry (point 2) the design space

surrounding the optimal po int is investigated (in the presence of imper-

fections) and the comparison of the weights and knockdown fac tors (points

2a , 2h , 2c , 2d , 2e and 2) supports the conclusion that point 2 yields the

minimum weight desi gn even when imperfections are present. in this com-

parison it is also observed tha t small variations in all other desi gn

parameters , except the curvature parameter Z, have a very small effect on

the knockdown factor . A similar investigation of the surrounding design

space of point 1 (Z 41 ,850) y ields the same conclus ion (these results are

not reported herein).

Case 2. The results of the investiga t ion f or this case are reported in

Table 5. The imperfections are takens as A) w° = 0.1 sin cos and

B) w° = 0.1 sin cos ~~~~~. The optima l geometry corresponds to tee

stringers and rectangular rings and is labeled as point 1 in Table 5 (see
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Table 6 of Ref. 23). No shapes for the imperfec tion are considered

one denoted by 0.1 sin cos and the other by 0.1 sin cos

where m in the second is taken to be the classical buckling mode number

of half sine waves in the axial direction and n (in both cases) corres-

ponds to the number of full waves in the circumferential direction that

yields the smallest buckling load (in the presence of the imperfection).

The imperfection amplitude in both cases is twice the thickness of the

optimum geometry. Point 2 corresponds to the optimum geometry at a

lower Z value . For both po ints (1 and 2) the geometry corresponds to tee

stringers and rectangular rings (TSBR). Point 3 employs rectangular

stiffeners and corresponds to the optimum geometry for this construction

and the same Z as point 1. Points la through Ig correspond to the same

construction (TSRR) and Z value as point 1 but different values of the

rema ining desi gn parame ters 
~~~~~~~~~~~~~~~~~~ 

F inally ,  points 3a

through 3e correspond to the same construction (RSRR) and Z value as

point 3 but different values of the rema ining design parameters .

Optimal geometries corresponding to higher Z va lues than point

are checked , but since the knockdown factor for these geometrie s is

smaller thar that of point 1, the results are not presented herein. This

conclusion is the same as that of Case 1.

In making the comparison studies the smallest of the knockdown

factors is considered .

In comparing points I and 2, the results are inconc lusive because

th e difference in knockdown factors and that of the corresponding weights

are approximately the same . This might be interpreted as both geometries

47

-



be ing very close to the optimum f or this cons truction .

A comparison of the data for points la-ig with those of point 1

suggests that point If might yield a lighter configuration than that

of point 1. The reason for this conclusion is based on the observation

that the geometry of point lf is heavier than that of point 1 by 17’. while

it is less sensitive by approximate ly 157’..

A similar comparison among the RSRR geometries shows that point 3

geometry is indeed the best geometry (same conc lusion as in Case 1).

Finall y, a comparison between the two different constructions

suggests that the best of either correspond s to an acceptable design.

The only thing in favor of the RSRR construction is that , if cos t of

manufacturing is taken under consideration (additional constraint),

then this construction is superior .

Note that in both cases the results of the linear optimization

procedure , c orresponding to only one va lue of N , are employed . This

may cast some doubt to the validity of the conclusion and for this reason

an improved design methodology is suggested in the next chapter .
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Table S . Effect of Imperfections on the Opt iru’i I Geome t ry (CASE 2).

• [A; w° o. 1 s in ~~~~~~cos~~~~ 
. B ; w ° o.l si n ’ t~~~~co s ~~~~~]

P o i n t  IS ‘rS TS TS ‘I’S TS TS ‘I’S
1 2 3 i~ _ lb _k_.. id - le -

W , lb .  473 491 486 499 474 484 688 500

h , in. 0.0500 0.0550 0.05 0.05 0.05 0.05 0.05 0.05

& 16 11 12 15 15 17 13 12
x

35 45 60 40 35 35 40 45
y

X 0.5386 0.3310 0.4608 0.6629 0.4940 0.5990 0.4525 0.4508
xx

0.1351 0 .2128 0.2309 0.0961 0.1804 0.1105 0.2685 0.3119
yy

137 .88 40.04 66.35 149.14 111 .14 173 .11 76.47 64.91

p 1~ 5.45 430.88 831.17 153.74 220.95 135 .38 429.66 631 .50

e 0.457 0.354 0.325 0.429 0.429 0.483 0.376 0.349x

e 0.900 1.265 1.525 1.025 0.900 0.900 1 .025 1.150

c 1 .0/9 1.079 1.0 1.079 1.079 1.079 1.079 1.079

2221 2020 2221 2221 2221 2221 2221 2221

~ N 27 00 2700 2700 2700 2700 2700 2 700 2700
~

m 4 6 6 4 4 3 5 6

n 9 8 7 9 9 9 8 8

• N 2215 2175 2275 2215 2175 2306 2145 2215
cr

n 9 8 7 9 9 9 8 8
0.

N
x

2100  ~~~~~~ O.~~fl~ 5 0.8426 0.8204 0.8055 0.8541 0.7944 0.8204

2 H5 2207 2306 2085 2060 2045 2145 2260x
~ r

8 7 9 9 8 8 8

C r
2 ;( ~~() //22 0. ~l ~ 0. -

~ - - ‘.1 0./122 0. /h~ O 0.7574 0.7944 0.8170
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Point ‘I’S ‘I’S RS RS RS RS RS
- _____ 

if ig 4a 
— 

4b 4c 4d 4e 
-

w , lb. 482 478 490 488 502 500 408

h , i n .  0.05 0.05 0 ,05 0.05 0.05 0.05 0.05

12 12 15 17 12 16 13

50 45 45 40 55 35 40
y

X 0.6305 0.4406 0.6419 0.6396 0.4329 0.6297 0.4997xx

* 

0.2736 0.2497 0.0866 0.0581 0.3349 0.1320 0.2876

61 .99 63.45 144.42 184.85 62.33 161.20 84.46xx

683.88 505 .68 175.28 134.50 1.013,13 161.66 460.14
V V

e 0.349 0 .365 0.400 0.450 0.325 0.425 0.350x

e 1 .2 7 5  1.150 1.150 1.025 1.400 0.900 1.025y
C 1 .079 1.135 1.0 1.0 1.0 1.0 1.0x

—-  - 

2221 2221 2221 2221 2221 2221 2221 
—

N 2/00 2700 2700 2700 2700 2700 2700
a) x _ _ _~

N
x,~r 

2:¼5 2175 2195 2270 2295 2215 2175

8 8 9 10 7 9 8

x
‘-~ cr

2,1)0 0.8315 0.8055
_- 

0.8130 0.8407 0.8500 0.8204 0.8055

N 2290 2175 2075 2045 2290 2085 2175
cr

n 8 8 9 8 7 9 8

x
cr

2/00 0.8681 0.8055 0.7685 0.7574 0.8481 0.7722 0.8055

“Th e p ’s and c ’s can be found from the a’s, k ’s and C ’s. (see Ref. 23).
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Ch a p t e r  VII

RECOMNENDEI) DESIGN PROCEDURE FOR AXIALLY LOADED

IMPERFECT STIFFENED CYLINDERS

As is seen from the discussion of the results of the two design

cases considered , there are no genera l trends and conclusions that can be

app lied to all desi gn problems . In add i t i on , the e n t i r e  s tudy (p resen ted

herein) and the resulting conclusions , as far as the position of the

optimum design (includ ing the effect of geometric imperfection) in the

desi gn space is concerned , are based on the following conjecture : as the

app lied load N (includ ing a knockdown factor - used in the linear opti-

mization procedure of References 18 and 23) experiences small changes

the corresponding linear optimum poin t shifts smoothly and by smal l

amounts in the design space. For example , if for a given prob lem the

value of N changes from 800 to 880 (107. increase) the corresponding
x -~~

optimum design is expected to change from Z 35 ,000, ~ = 20 , c~ 
= 90 ,

0.64 and = 0.20 to Z 35 ,000 + AZ, c~ 20 + A,y , etc . where
xx YY x x

the deltas denote changes of less than 107’. from the previous values . To

further clarif y this point and its implications consider the Case 1 design.

First of all , the optimum (linear optimization) design is charac terized

• b y (point 2 of Table 4) h 0.0221 in., c~ 
20 , = ~~~~~ X = 0.6319

and ?~yy 
= 0.2049 with a weight equal to 755 lbs . The value of the applied

load used is 800 lbs/in. Since , at this geometry , the knockdown factor

is 0.9125 , then the shell is in reality , desi gned to carry safely, with

min imum weight , a load of 730 lbs/in. (N = [730/knockdown factorj = 800).
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Realizing that the knockdown factor is not known apriori and observing

that this factor depends on the particular point in the design space ,

then differen t va lues of N must be cons idered in the entire optimizationxx

procedure , be for e one is able to zer o in to the final opt imum des ign point.

Because of this , the following procedure is suggested in order to

achieve the minimum weight design for a given applied load (for the sake

of argument , say 1000 lbs/in.) in the presence of geometric imperfections .

a) Specify the maximum allowable amplitude of the geometric imper-

f cc t ion.

b) Guess the value for the knockdown factor (say 0.8 for the ensuing

discussion).

c) Emp loy the design procedure of References 18 and 23 with Nxx 
=

(1000/0 .8 = 1250, and find the minimum weigh t design point

(W , c~~ , c ~~, ’ and A ) .x Y xx yy

d) If the actual knockdown factor is within 107’. from the guessed value

of 0.8, then perf orm comparison studies as butlined herein .

e) Repeat steps c) and d) for values of N equal to 10001(0.72)

and 1000/(0.88). An examination of the three comparison studies

will yie ld the optimum conf i guration within any desired (reasonable)

accuracy.

f) If the actua l knockdown factor differs by more than 107. from the

guessed value (say 207. lower), then repeat step c) for values of

~ equal to 1001(0.55), 1000/(0.65), and 1000/(0.80) and perform

the comparison studies as mentioned in step e).

Rv t o l l ow i n g  the  above procedure , the designer is assured of a r r iv ing at a
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minimum weight design , wh ich can carry safely a un iform axial c ompres sion

of 1000 lbs/in.
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Append ix A

BUCKL ING OF IMPERFECT STIFFE NED CYLINDERS UNDER COMBINED

AXIAL COMPRESSION AND PRESSURE

The buckl ing analys is of geome trically imperfec t, stiffened , thin,

circular , cylindrical shells under uniform axial compression has been

presented in Chapters Il-tV . The purpose of this Appendix is to show the

extension of the analysis for the load cases of hydros tat ic pressure ,

lateral pressure , and combined uniform axial compress ion w ith lateral

pressure .

Most of the investigations, reported in the open literature which

deal with buckling of imperfect configurations , are for uniform axial

compression and isotropic , constant thickness geometries . Hutchinson

and Amazigo
9 inves ti gated the buckling of imperfect stiffened cylinder s

(stringer and ring stiffened only) under hydrostatic pressure . There is

no reported investigation for stringer and ring stiffened geometries.

The self-equilibrated lateral load p(x,y) [positive inwardi is

expanded in terms of Fourier ser ies

K

p(x,y) = ~ ~ .(x) cos ~~~~~~~ (A- i)

i=0

Then all equations in the body of the report must be changed appropriately

to reflect the inclusion of this load . For example , the term -p (x) must

be added to Eq. (26a), the term -p.(x) to Eq. (26b), and the following

term must be added to the total po tential express ion, Eq. (27).
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~~ 2~~~(x) W (x) W . ( x ) 1dx

The r e l a t e d  computer program (Appendix B) includes these changes .

A number of illustrative examples are considered and the results are

presented in tabular form (see Table A-i) for uniform pressure only. For

a l l  examp les , the boundary conditions are taken to be the classical simply

supported ones , SS3. The program , though , is written for all types of

lat eral (clamped , simply suppor ted , f ree , etc.) as well as in-plane

boundary conditions . S ome of the examp les cons idered serve as bench marks

for the developed methodology and computer program. In addi t ion , new

results are reported . For all cases , two types of geometric imperfection

are considered which are character ized by ~ = 1 and ~ = 2.  These are :

o . mTTX . miix
= 1 w (x ,y)  = t sin + O . lt  Sifl  L ~~O5 R 

(A-2)

o . mnx
= 2 w (x ,y) = t sin cos P. (A 3)

N o t e  th a t the imperfection characterized by Eq. (A-2) virtually deno tes an

axisymmetric type of imperfection , while the one charac ter ized by Eq. (A-3)

denotes  a synm~e t r i c  type of imperfect ion . In bo th cases the amp l i tude is

approximate ly one skin thickness.  The values of at and n that correspond

to the most  sensitive geometry are reported in Table A-i .

The examples reported have the fol lowing  commo n geometry

L = 4”; R = 4” ; t = 0.04”
(A-4)

v 0.3;  E = 10.5 x 106 ps i ;  Z = 95.3
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Note  that  examples 1 and 2 correspond to internal r ing s t iffening only ,

examples 3 and 4 to internal  stringer stiffening only, examples 5, 6,

8-11 to in ternal  r ing and s t r inger  s t i f f e n i n g,  and example 7 to ex te rna l

ring and s t r inger  s t i f f e n i ng .  In add i tio n , the loading f or a l l  the examples

is l a te ra l  pressure for exam p les 1, 3 , and 5, hydros tat ic pressure for

examp les 2 , 4, 6, and 7 , ax ial compres sion for example 8 , and combined

load ing for examples 9-11 (internal pressure of half and one atmosphere

respective ly for examples 9 and 10, and ex ternal pressure of one atmos-

phere for example 11).

Examp les 2 and 4 are taken from R e f .  9 and the results  are in very

good agreement .

Among the important observations , on the basis of the generated data ,

one may list the following:

1) For pressure loading the r ing only s ti f f e n e d  cylinder is sens it ive

to geometric imperfections while the stringer only sti f f ened

“y linder is no t .  This observation is true for lateral pressure

= 0; examples 1 and 3) as wel l  as hydrostatic pressure

(N pR/2 ; examp les 2 and 4). Furthermore , the pres ence of the

axia l  load in the cas e of hydros tatic pressure (compare results of

examples 1 to 2 and 3 to 4) aggravates the imperfection sensitivity .

2) When stiffening in both directions is used the configuration is

s t i l l  sensit ive but  not as sensi t ive as the r ing onl y con f igura t ion

(compare the resul ts  of examples 5 to 1 and 6 to 2 ) .

3) I t  is concluded , in R e f .  9, that positioning the rings on the

outs ide (rings onl y conf igura t ion)  makes the shel l  more sens i t ive
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to  geometr ic  imper fec t ions  as compared to interna l positioning

of the rings . This observation is also t rue  for s t r inger  and

ring stiffened cylinders (compare the results of example 7 to 6) .

4) For s t i f f e n e d  cylinders (both rings and s t r i n g e r s )  under uniform

axial compression with or without latera l pressure the presence

of interna l or external pressure of up to one atmosphere does not

have an appreciable effect on the final results . Linear theory

predicts minimal effect , in the right direction (examples 8-11)

(nega tive p imp lies internal pressure) and nonlinear theory shows

tha t , for  the same imperfection , the sens i t iv i ty  is not a f f e c ted

by the presenc e of the small internal or external pressure .

5) The buckled shape in the circumferentia l direction (n) is vir-

tually the same for the nonlinear theory in the presence of

geometric imperfections , as it is for the pe r f ec t  geometry l inear

theory .

Finally, note that all results are derived for one value of the cur-

vature parameter Z and two s t i f f en e r  geometries ; th erefore , no genera l i ty

should  be a t t a c h e d  to the above observat ions . If one is in terested in

p e r f o r m i n g  ex t ensive  parametric s tudies in order to draw general  conclu-

s ions the present computer program is very efficient ~Append ix B).
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GI~ ”~~ N A1t ~ (INPLT ,UL4TFUT , 1AFF5zj N i-~UT ,1A PE6=OUTPUT , T A P a 2~~,14PE2 1
1,T~~-~~~2)
FO~~T ~LC< L ING OF S1IFF~~?’Eü CYL INJ R ICAL SHELt..S UM1~.~ U~I1FO~~M A X I f~L

CC t- P~~tS~~1JN (N ONLI Fs E LR TI-E OF-~Y)
CO’1M~~~,CI NTG/NE UPO1,MI (~~.~~)
CC MMLN /B C LF ’5C/LSi,L~ N
CCt~HL~~.’F l D F ~~/DEL 1A ,AL 1,G.U,AL~~,BT 2,GA2
COM~1C~.1FOUkIR/KF CU~~,K6,KL+,K3 , K ,  (1
CC Ch,G Ot’/PR,DC,h11,~-1a,H ,Q1t,Qi.2,C22,U11,t1~~,D22• CO~~1¼ N/FACTCb/Cl,C2,C3,C4,I.I5,C6,G7,Có,C9,ClC,Ci1,C1 2
CCt’MC~~,FAC’U/D L1 ,D12,0L3,DL4,CAI ,EA ~~,OA 3,OA 4,uB2 ,D [-3,00L ,X NI ,EXXP
CC ON/C )ISK/I2l (5~~i.),I22 (~~O1)
C0~:MC~ iF~~CT 3/OL5,XL ,XH

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
Cor~~~N,P~~Es 2/Wz 2 ,5 ,WzP (~~,~~~,WzPP (2,4:,5
CC oN,p~~ES 3,F~~c~~C- ,8),xFti(2 Cr-,~~),FMP(2nC ,8,
C C~1-1 ON /X XLOA 0/ x P RE S

~IM~~.SION ~.jWi1 (5),FF~1 (Fi )
UIt~EN~~ION TIC1 ’fl
cr~~~NsIoN ~F (2,5),XwF (2,5),FF (~~,8),xFFc2,8)[J~1J~~ j ON A F (52 , ) , ( 5 2 ,5 2 ) , C~~( 5 2 ,5 2 ) , P R ( 52 ,~~2 ) , i.,P( 52, i)
OIF ~~NSI ON X F ( 5 2 , 1 ) , T i (~~? ) , C C ( 5~. ) , M T ( 7 2 ) ,V i . (

~? 70 14 )
C 27 :~~=5~~~~?Dl~~Er,~~lON CN (~~0,~~) ,FCON (2C,8 )

~-‘ ~LL THt CAi ~L 5 W I T H SI G N ~~~~ IN CO LUMN S 73~~7t4 DEPENU ON NUME~~R
C OF FCI NTS ~UD K FOUR

EQUIV ~~L ENC E (A ~~(1,~,) ,V1 (1))
CA LL C FE~U~S(21, I2i,5P~,,~~)
C A L L  c r E r-~M S ( 2 ~~, I2~ ,5C 1,0)
EC cN v Zr .t~~:c~~1
M A X N ~~5 2
t’uX 2~~ ~N’~-LA X N
N~? H S  I
NJ’~~V
M d- 5

C fsJ,NIs ,NF — F C ~ OI M E N E I O N  I s J - M A X I M U F ~ P3I~~TS I N  A X I ~~L ~ l N : C T I C N
C N~~= M A Xl~ ’L:1 KFOUR +1 , NF~ MAXIMUM 2~ KFOUR , M~ x;,=~~~~KFOU ,~+’~
C N C~~O~~~ IC  iNC R~~4St. T~-~E PAt ~i LI TY  OF THE PROGRAM FO~ MANY POINTS i~~ -~X I A L

~~~~~~ TICt- ~~ C HIG HEF LItiIl OF FCUR IER ~~~~~~~ THE USER R4 ,~ TO C H A N G E
L A~~L T~iL C t - i~UE ~ ITH T i’iE ~ lGN IN COLUMt~sS 73 AN D /4
i:~,i ~RiT E (~~,2~~)

p
~~ A U tc ,i~~)(TI (I),I l,9)
Wr ’ I T E  (~~, 6 I ’ )
W~~1T~ ( t ,  1 L )  (T I  (I), I=1,c)
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
I F (L s - I N T . r ~C .1)LI”CC=1
k E A D  (

~ ,?~ ~
) ~R , XL ,XH, ELA S, XN L

AD (t, 2~~~)XL 4t1 D ,YLA M C, EX X ,E ~~Y,-~HOX ,RkCY

4.-
i,.ALL C O E F F ( E ~~,~~ Y , X L A M O , Y L A M L , R H C X , t c H C Y , E L A S )

- 
C.

1Tt 1e,~~fl)tsF~~’ C T , 4(.-OI.R,LS 1,LS~’1
~~~~~~~~~~~~~~~~~~~~ )

~-P ,XL, XH ,ELAS ,XN I,U1,EXX P

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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C
C A L L  I f r P E R F

C 4~~~~

~~~ iT  E ( t ,  5 fl M )
D O 85 1K~~l , K i
LK~ 1 K- i
W~~1T~ ( € ,~~1~~) LK
W R iTE ( € ,  ~~~
X X = p .
CO 8~ Ii.=1,N EOPO I
W R l T E ( E ,~~ O 9 ) I 1 ,X ~~,~.s L( I1,IK) ,~~Z i - ( I 1 , I K ) ,W Z P P( i 1 , I K)
X X = X X C E L T A

85  LCNTINI.E
iF (LrF’~iNT .NEst) GO TO 39

IT (€, 5 )DELTA ,~~L1,G~ 1,AL2 ,0T2,GA ~
~s~~

jTE (€,5- )~-1 1,~’i 2,H22,G..,1,O..?, Q~~
1T~~(t ,5 )u1i ,C12, U22 ,u~~~,DE~3 ,O8 Z .
IT ’ ( t , 5 - ! ) C L 1 , O L ~~,tJ L~~,OL L + , C L 5

~~ ii:. ( € ,  
~ J~ e )  DA1 , C A 2 , U A ~!,DA’+

39 CCN TI NL E
DO € 3  11 1,Fs ~ O P O T
DO 6L~ ,., 1~~1, K1

~M ( I~. ,u l)F T M ( I 1 , J j )  ~~~‘.

• u t . C O N T I N t .,E
CO 6~ ,.~l= 1,K2
F M ( I i , , .11)  C .
x F f r  (Ii ,J: ) =~
FN’ F (I ., ,Ji ) ~0.

65 CC~~I1~’tE
6 3  CONT I~sLE

R E A Q ( ~~, ” ) 0 L N D , ) N X X , X F R i . . E , D X , A C C U ~ - , f ~II
I = ’-~ I I
IF C I~-~R .~ ,Q • ~) IR ~~= 1
ID L N u L L ND
[ N X =C~\~~X
X~~I-cES~~~PREE
xF Nx =~~’XXC XFNX ~~~x I A L  Cut’f-R:SS ICN, XP RES~~HYC ROsTA T i C PRLSSUR~., XNX .ITHE ir ’~ XF NX

.~P ~~r Q ’ S  ~ CC.C~~UI NG IC I!JLNC
t,,O T C ( 71, 7 2 , 7 3 )  , ICLND

7 1  15R iT ~ ( € , 5 1~~) A P R E 5 , X F N X , D N X , A C C I.~~
-~ N ~ X ~ ~ X
“ I I  1 1 X X
Cu TC 7.+

~~~j :  ( t ,~~ 12)  ~F N X , X F R [ S , O N X , A C C U R

‘~~~. I I ‘ .d ’- S

.5. ,’ (~~,d I ~~N X X , X F ’ R c S , O N X , A C C L P
I I ’ , I I

- ‘ ~~~~~~~~ ‘ • - ‘ E S
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h _ 1 U( 5 , 1J ”- ) N MJ,LFsid ’ , , I L N W
N N

C
C A L L  C C F F N N ( N W A V ~~

)
C

i T~ ( c ,  5 ~) tSNN
IF (LP~~INT.NE .1) GO TO ‘~9

~- , R I T E ( € , 5~~c ) C 1, G 2 ,C 3 ,N i , C , E - , C€

~R1T ~~(€ , 7 ) C 7 , C ~~,u 9 ,C 1 O,C l 1 ,C 1~
1~ 9 CON1 ’INLE

1LR~~11CC N
IPO T T =  C
C -A L L CONC (TII’~1).-.R1T ~~( E , 7 c 3 ) T I P ~i.
TIP;~~~T1Mj
TI~’c= I J M2
I I N ~~ z ‘3

E~E~5 L N 1
IF ( ILJLND. E 0. 1) X F NX ~~XN X

( I C L N D . E c . 2 . O R 4 c L N - c . E L . 3 ) ) C P R ES = X N X
I F ( I U L I\ J . E C .~~) X F ~~X~ T L M D X 4 X F R E S
IU~ I~~ I L D ET
C . L L  F C T  ( I [ J ET ,Nrs HC,~~A X N , A P , B P ,CP ,G P , P R ,X P ,C C , h T ,  T 1,~/ : , r - 1A X 2 ,

M ,C ~~T~1 ,X F NX , L ~~,N J ,N~s ,NF)
1F ( L~ -‘ 1111 •NE .1) GO TO 1”~.
C t . L L  S r r C I \ r ( T T t ~3 )
1IN ’ j~~T Ii1 ,

~~ tI”2
T I V ~~ 1IM~
I I r ~ = T I ~1 ~
.‘~r~LT : C e, 1)Nv~A V~~,XF NX, XP I~~S,TI’1i

I L-~LL I~~ANSF (W F ,X i ’~F ,FF,XFF,NW,NF,2, T1,MAXN, 1,LP Fs,LNT)
-.‘~~~~j u E T J L D ~~T

i F (I i L I ~J .EC. i )X FN X = X N X

~LL NU. E r  • 2. . I L , L N [ )  .EQ. 7)  
~F RE S~~XNX

iF C 1~~L Mi • E C .  X F NX = T L M D X ~~X P R E S

:r ~~~~~~
~~

‘) j r~~ J I= ,,K1
C L  -I’ A = . 4 . f r A x + k r ” C l , J i )

NO I~~ I i : 2 , t ~E O P C T
C .

00 iC ’. J~,~~I,K1
i.,. ~ ~~~~~~~~~~~~ + W M  (I1,J1

j F ( At ’~~
( 1 N’ ) . L E . A E S ( W t - ~A X ) )  00 10 ~ C3

A X -~~ -r1

~~~~~ ii
~ C ON T IN - L.~

J ‘ A X  1
t’~~i4 N ~ ( 1 )  4M C I”AX , 1.
A r. n N’ ~ 11(1)
1F (KI.cO. 1 ) -~O IC 1 5 1
DO ~~ E J1~~c ,K 1
~s~~~

’ ( 0 1  ) V ~~ (I”AX , 01)
IF C .~~~~~

‘ (W ~4M (01)) • LE • M  ~S ~~~~~~ I GO 10 10 E

~ ~s 1 (Ji
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~~~

5) ~ :‘ 4, X
5 CON T1t4L E

:251 J Ft~A X ~~iF F t ( I ) ~~F?~
( 1N ’ A X ,1I

~ F~~N~~F F M ( 1) -
IF (K~~.L~~.1) GO IC 333
CO IT€ Jj.=2,K2

N (.,~ I) = FN’ ( IN’AX , JI
I t ’ (~~~ FFN (Ji) ) •LE .4BS(A ~’FF~I 

) GO TO iC- C
~ r F N F F ~1 (J I

:~~€ C O N T I N L E
333 L N 2

iT~~R=I ‘rER +l
I F ( I I~~~c . L E . 1_ )  GC TO 113

‘ I T ’ ( € , 1 t ’~) I T E R
GO IC C 999

iiJ CALL FCIESS (IDET ,NRHS,MAX N , AF ,UP ,CP,GF ,PR,XP ,CC,MT , 11, VI ,FIAX2,
I I AP M , C E  T M ,  X F NX , L Ps ,NJ ,N~s, NF l
IF (L~~R1NT.NE.1 ) GO TO 11,1,
C ALL SECON (J (TIN ’3)
T IM1=1 1M3 —T1fr2
II N 2 TI ‘1 3
HP ITS ( C, 11~~

) IT5° ,N~ A~~E ,X FNX , XFr ’~ES ,TIM1
111 CALL TFAN S~ (H F ,XW F,FF ,~~FF, NW ,F’4.F, 2,T1,MAXN, i,LP~siN I)

CO 115 J1 1,K1
I I- (W ~” (It1AX ,J1 ).NE . ”.) CU 10 57
WCCr , (1TEP ,J1)~~Q .
GO TO 115

57 CJN 1Ir-~LE
kC uN ( ITEr ~,J1) A BS ( (WM (IMAX,j1 ) WWNI (J1 ) )/WM (IMAX,J i. ) I

~I5 C O NT I N L E

~s O H ~~k C C N  ( I T E F , J W N ’ A X )
I ~ H -

~ 0 N AX
DO 11.~ J1~~~,K2
IF (F~ (i~1 A X ,J 1 ) .NE. ~ • 

) GO TO 58
FCCN (I TER ,J1)= ”
GO 10 116

58 CO N T INLE
FuCN (I 1 [t~,J1) ABS ( (FM (IMAX ,JI )— FFM (J11 )/FM (IMAX ,J ~~)

11€ CO~~1TNLS
F CH~~F C (N ( ITE i~, JF N’A
F H J F N AX

1F (L Fc i ;~T.NE .1) GO TO 117
s’.kITE I (E, Io )ITER ,WCH ,FCH

(C, 119) (JI, WCCN ( lIED , 01) ,Ji, 1,K1)
A~’ IT ( L , 1 1 ’ 3 ) ( J 1 , F C C N ( I T E P,,J1),Ji. 1,K2)

117 1F(~~( , r .GT .~~C O l 4 V )  CC TO 194
1f (~’CP.G 1.~~CCNV ) GC TO 19~
GO TO 115

9~~~4 IF( IT~~~.Lr .~~1 GO T C  196
It ’ (WCL~~(IT c ,I~s H ). (T.WCON (1TE~C— i ,IWH )) GO TO 197
IF (F~,L N (~, T t is ,IF H) .C T.FCO N(iTEF ~— 1 ,IFHI ) GU TO 197
Cr TO I~-

t~~7 IF C ~N x  •~~~“ •~~ N I 1)  ~‘O TO 198

o GO IC S~i - J9

-~~~~~~~ - •
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19~ 00 151 J1 1,Ki
131 ~

y
~M (J1 )=~’JN (IN ’AX ,J1)

.00 132 J1 1,K2
132 FFN CJ 1 ) FN C IN ’A~~,J 1)

GO TO 533
195 IF (IDLND.EQ . 1) XF N~~=XNX

IF C IULNO. EU, 2.OR. ICLND .EQ. 3) XFb SS ZXNX
IF (IJ~~~O .E@.,~)XFNX TLMCX 4X PRES
CALL IC ISN (FCT,ST RV, STRA ,~~,1,1,XFNX~
CALL SECON D (TIt~3)
Ti Hi = 1 111 3—TI H 1+
T 1M2 T 1M3
I I ‘11+ = I I M ~

IlL (C, 241) XF~.X ,XFRES ,NWAVE ,ITER ,TIH1
ITL (6,2 42) POT, STRY ,STRA

IF (ILILT .EC.1) ~RITE (ô,243) DETN’ , I X P M
IF (L NCL.N~~.1) GO TC 47€
C ALL T~~A NSF (~ F , X ’v~F,FF, XFF ,NW ,~ F, 2,Tj,l~1AXN ,2 ,3)

L,7~~ C O N T I N I.E
IF (LNt’t’- .EC.2.ANDeLICON .NE .1”~) GO TO ~ 6€
IFCL ICCN .NE.1L ) GO TO 629
ILR 1
GO TO 777

629 )NX1= X I\ X
IlM~~ I1NN + 1
IF C IINN .LE.IRR )GC TO 721
W Ri T E (6, 722) 1I~sN
GO IC 9999

12 1 CONTI I\LE
XN )C X N X ÷ D N X
I F C T X N - X .G T . XN X ) GO 10 21+4
CN X UN)</2
)( N X = >- N — U N X
AL~~~Ct~)C ’IC( /XNX
IIr .N= IINN—1
1F (A D~~.GT.ACC 1JP) GC TO 21+’.
X N X=X N.~ 1
GO TC ~19

244 iF (II- .CI\ •~~C.1) GO TC 555
RE~~I~~C 2~

IT~~(L T )C (W N (I 1 , J i),J1=1,Kt),11=j,NEOPOT ),(CE T 11 ( , ,J1 ),J1= 1,KI )
1,11=1, POT ), (C ~‘MP (II,J4. ) ,J 1 1 ,  Ki ) , 11 1, N~ W POT ), (C F~1( I1,J1)
~,J 1=1,K2) ,Il :j,NE-0FOT ), ((XFM (I1,Jj ),J1=1,KO ),I1 I, E~ PCT),
!(CFH i— (I1, J 1~ ,J i. 1,K2) ,I1=i,F’IECPOT)

GO TO L,1~~L~

I9~ IF (L ILCN .~~L .1I) GO TO 429
ILk C

• GO TO 777
L •2c I F (L Nt t~.5O.2) CO TC 214 9

IPOT T=i ~~O T T +1
IF (IFC1T.C-T .1) CC TO 249
~Ot T f’CT
P X N X =  ~~ X —  LF ;X

~
‘ L ,9 A G N = U r~~~ IC r ./XNX

W~~1Tc ( L , 5 4 5 ) t  ~~~~ xNX

4 T XN X= Xf \ X
N X = ~ ts )t — U N X



I I  NN C
IF C ’~DN .L.E • A CCU R) GO TO ~ig
LNX=ON )(/2 .
X N X X I’. ~ + C N X
IF (INCN ,E C .1J GO TO 5~~5
R E W I N E  2’3
PEA D (EC ) ((WMCI 1 ,Ji ) ,~~1=1 ,K 1) ,I1=1,NECPOT ) ,t( ETt1(I1 ,J i ),J I~~~ ,K:)

1,11 1,NLQrUT ), C (
~ s f r F  C I1 ,Jil, J 1-~~, Ki), 11 1 ,  NEUPOT ) , ( C  FM ( I1,J1,)

2,J1=1,K2),I1~~1,N POT),( (XFM (I1,J i),J1~~1,K2),II 1,i,EU (-CT ),

• 2 (C FNF (I1,Ji ),J 1 1,K2),I1~~1,NEC PDT )
GO TO 44 1+

319 1F (IULNUJ.EO.1 ) XF IIX=XN X
IF (INLND .EC .2.OR.IDLND.EO.~~

) X FRES=XNX
IF (IO1N0.EC .3)XFNX= TLMCX *XP~?ES
WRiT0 (e,78E) A VE ,~~FNX ,XPPE S,FCT,3T~~Y,STRA

L CA L C U L A E I C N  CF CRITI CAL W AV E NUNE ER
56c WRiT E CC,2’J l

IF (LNNN.E Q,~~
) GO TO 9999

~R I T E ( € , 5 8 4 1
ILR 1
NWP RLN~~N W A V E
Nw A v L=r ~wA v E+1
IF (L N-NN. EU .2 ) POTT=POT
POT N~II’ POTT

- - N~’(IN=P NN
I N W A V E IJ
IST OP=C
1 9 0
F CT rC T T

777 IF (INLN J. EC . 1) XF NX ~~XNX
I FL I C L .EG.2.OR .ILL .EO .3)XFR S XNX
I F L i D L ~~D .EG.~~)X FNX TLMC X~~XP RE S
IF (1LF .EO .1) GO TO 778

jTE (E , 5E~~)t W A V ~~,)FNX,XP Rt S
GO TI 99 i9

7 7 €  I~~,~MV~~~INW A V +1
l It’ N = C
IF C LNt- N. EC .2 I PXN )XNX
XNX = PX NX

iF (It~W VE .EC.1 ) GO TO ,~9i

~~~~ :NWAVE
IF (I~~.CE . 1) GO TC ~94
IFCF- C JNIN.LE .PC T ) CO IC 1,~9
POT ~iN zPOT
~ M I — N ~‘ A V E

GO TO ,,91
139 IF (r~~A UE. L E. NN N +1 ) Gu TO 51+9

I ST O~- 1
GO IC IB’?

• ç& 9 I~~~ I9+1
• j F  ( I9~~C T . 1) GO T~ 

Uqi .
N.-. A
GO TO ~~1

4 C9~ ~f (PL ~~N ’IN. L E.P C T ) GO IC b9~~
i- N T - ~I~ :POT 



N M I  N N ~ A V E
NW AVE N W A V E  -1
GO TO ~9t

t 9 5  ISIOP= 1
GO TO 185

391 CALL C C E F N N (N W A V E )
C A L L  ~ECONC ( 1IH2 )

185 ?~~I1~ (L, 581 )NW FRIN ,PXNX ,POT,11M2
IF (N WA ’~E.Lt.i ) GO 10 9999
IF (I TLP .NE .1) CC TO 758
W R I T S  (6, 789) XNX, FOT~’1IN ,NMIN
GO TO 9999

798 IF(It~t~AVE. GT. ILNW ) GO TO 9999
GO TO E55

9~ 99 ~EAD (5,1r~~)LCON TN
IFCLC CN TN. LC.1 ) GO TO 1111

25 FO RNM T (1H1)
i~ FO~~N ’A T (1HC,5A8)
6~ F~~RMAT (//25H REGI NN ING OF NEXT CASE I/I)
100 FO~~MA T (1’I6 )
zO~ FO FMA T (6E 12 .4)
3C C  FO~~MA1 (// ,LX ,~~NO. CF FCINTS~ ”,I8,2x,~~KF OUR= ” ,I~~,2X , ”UOLN’).LON CF

1F-G IN I 1= ,18,?X, ’HCUN P .C UI’. CF POINT NECPOT= ”,I8)
‘.00 FO A T (//,~~X ,~~~=~~,E 12 .4,2X , L ’,E12.4,2X, ’XH~~’,E12.4,2X,

1’ LA S - ’ ,~~12.4,c~X, XNI ,E 12, L ,2X , JD= ,~~12.4,2 X , t~X X ~~ ~~~~~~~~
50~ FO~~M~~T (//, 2X,’TH E IMP~~1~FECT IC N FORM IN AXIAL UI~cECTI UN IS~ /)
51~ FQ~~M- .T(//,2X,”THE 1~-1 I-~:RF:cTicI~ FOR CiRCUMFERENTI A L WAVE “,16fl
52’3 FO A 1 C / / , 1+X,1’FO INT ’ ,9X, ”LENGTH~~,1LX, ’W L ~~,1.’+X, ”WZP” ,_ 3X, WZPP’/)

~~~ F C R M A T  ( I 1 C , t, L 1 k .~~ )
SC u FO~~1A )(//,2X, ”CELT~~~

’,E12.4,lX, ”AL1 ’,S12.4,2X,”GA_ ”,E12. ’., 2 X ,
‘A LL ,Oi2. ’.,?X, ’U I 2 ,E1~~.4,2X,

’ GA2 , 2.4)
5~~1 FO i 1AT (// ,~~X ,~~H11= ’,Ei.2. L.,�X , ’H~.2= ”, 12.~.,2A ,”I’422 ”,- 1 2 . L+ ,2X ,

1”Ci1= ,~~I 2 .4 , 2 X,  ‘~~~2= ~~~~~~~~~~~~ CJ2 = ,~T :2.- . )
5~~2 FCRMA T (// ,2X ,”C11 ,E1~~.t4,2 X , ’U12= ”,L1~~.L ,2X, (22= , 12.., X,

1”Ob ”,F12.4,2X, ”UE ’ ,E1~~.4,2X, ”Dt 4 ” ,51~~.’4)

~C 3  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1 JL-, = ” ,E 12 .4,2X, ’DL5=~’,E12.4)

5( ’ L FC~~N14T (//,c~X, CA 1 ,E12 .1+,2x, DA 2= ,~~~~.4,2x , D A ~~= ,_ 12. L+ ,2X,
1”DA 1+z’ ,~~12.4)

,1I FC R MA T ( / / , 2 X , ’FO r I FIXE C PRESSU k OF ~ ,c12. L+,2 X , TkL INITIAL AXI A L
1LOAU 15 “ ,L 12.4,2X ,”THa INCREN~LNT OF A X I A L  LOAD IS “, 12.4/
1~~X ,“~~NC THE ~COU PACY (PERCENT) OF TH~ A X I A L  LO A D I S ~, E 1 2.4 )

Si? F0FN ’’~T (//,2X, ’F 0i~ FI XED AXI A L  LOAD OF •‘,E1 2.4,0X,~~TH~ INITIAL HYC~
1GST~~i I C  PR~~~SU RE IS” ,E12. L./2X,”TH~ INC R E M E N T OF T HE H Y C ~~OSTATIC F-~~
2~~S~~L FE IN” , 1?.Z+ , ’X,”A ND T HE ACO URA oY (Pc.RCENI) OF THE HYUr~OST A t I C
3 P~~E O I L - R t  j 5~’,Ej2.Li)

L5 FO R ~~~T (/,,2X,”TH: CIfr~CU MF E~~SNTIAL ~4AV E NUMiSER ” ,I6)
,,CP ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1 C ~.= ,L12.4,2X , ”C5 ,t12. 4,2X,”C oz”,L12.,)
5~~7 F C A T (//,2X, C7 ’ ,E12.1+ ,2X,~~C8 ,S1~~.~i ,2X,~’C9 ’ ,E12 .4,2X,

793 FQc~~A1 //,2X,” LA P C~ D I I ; I L = ” , Lj ? . 4 , 2 X , ” S E C C J I 1 D S ” / )

~~ 1 FUr~-’A j (//,c, X ,”lNI1~~AL SOLUTICN (1F uM L I N L A P ) .  Fu~< r = ’,I8,~~~,” NX=
1,E 2. L~,2X ,~~F ” ,t1~~.4/2X,”TI11E C DPLIA T ICN ,E1~~.14 ,LX ,~’SECOtJS~~/

1,14 FO ’-M u T (// ,2X , ”EN D CF T F- IC CA 5E ~~ CAU5~ ~~ER Gr~~A1 E~” THA N “,I 8)

‘-— ‘ - - --~~~---- - - - -~~~- - -~~~~ - -~~~- -  ~~~~~~~ ~~~~- -



—

112 F0t~~A 1(//,2X ,”SOLU lION FOR iT E RA T I O N  ,I8,2X,”ts. ”,~~8,2X,”NX ”,
1E12.4, X,’ F ” , E . L/2X ,”TIt~ C C M P U I A 1 I C N  ~“,E 12.4,~~X,”SECO NDS”/
22X ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1.1 b FC~
’M~~1 t//,2X , ITEt ~ = ” ,I8,2X,”~~CH=

” ,E 15.5,?X ,”FCH= ”,~~1).5/)
991 FO RI A T (// ,2X ,”I HE OLUT ION IS NOT CONVE KGEU APA REN TLY THE INIT IAL

11c.-~U CF -O UL D t E L E SS  THAN •‘,E 12.~.)

~E’.1 FORMAT (//,2X, ~ONL jNEAI~ S O L U T I C N  FOR N X = ’ , E 1 2 . 4 , ?X ,~ ’P= ” ,_ 12 . L. , 5 X ,
1’N ”,18,2X, ”IS OETA IN E D DY “,I~~,2X, ITERA TI (J NS”/2X, ”TI ME Ct~i PL1uJI
2CN ’ ,~~12.4,2X,”SECC~4OS”/2X,”CKCKU KO KUKCKCK O KO KCKOK CK 3KC r~OKL~<3KCK3K
5 LKC K CKUK CKCK CKC kCKOX CKO RCKC $s 0KO~<OK0KOKOKO $sOKOKOI”OKOKOKOKOK0 ” )

?~+ 2 Fc~~MAT (//,2X ,”PoTE:NTIAL ~~RGY z ’,E 15.5,2X,”END SHO~~T’ NIN0 FOR Y ’ .
1 IS” ,L15.5,2X ,”AVE FAG E END SI-CPTEN ING ”,z.15.5)

~ 4 ?  FCr T (//,2X, O E TEN ’INAN T ,E12•1+,2X,”IXPt1~~
’,Iis. )

?dS rQ FN1AJt // ,~~X, CRI T IUAL LOAD FOR N- ,I8,2X , IS NX= ” ,E~,2,4,2X,
1”P= ”,cl2.4/2X,”PC TEN T IAL c N G Y= ’ ,E l S . S , aX , ”TNL sH~~Rr:NI NG FO~ Y= -~
2. ~ ‘,c1~,.S,2 X, ”A ~J E F A G E  ENU ~F- C k T E N I N G ” ,c~15,5/ X ,~’ C KO KO K U K O K O K O KO r (
3c-KcKCKC KO KC I<CK OK CK CK O KCK OKO KCK CK3~ OKUKCKOKOKO< CKCr (CK~ r (CKOKUr ’~0K”)

119 FOr ~t 1 A T ( 5 ( I 8 , c 1 5 . 5 ) )
5~-+ ’~ FG~~V~~T (///2X, ’F Ot~ N= ” , 1 8 , 2 X , ” T H E  LOAD ~~~~~~~~~~~~~~~~ OVER THE LI~

l IT P C I N T ~~)
575 FcI~: A T(//,2X ,”XL A M C = ” ,Ej2. 4,2x,”Y 6AMU ’,E12.1+,2X,”~~X= ,E12.4,2X ,

1”EY ,c12 .1+,2X , HLX ”,E1~~.1+,2X,”RHOY ,t.1~~.1+)
5 8 2  ic IA T(//,2X, ’FOR N ” ,i8,~~X, ’N X ,E12.~~,2X, P= ” ,E1~~,~.,2 X ,”1HE EULL I

lION I~ N ET CCNVE ’~GEO” /2X ,’~FRC~ A~~LY THE CRITICAL LOAD IS SMALLE R Tk
2AM Tk~~~E L GAD S )

7~~, C FC~~MA I1 // ,2X, ”FO R “,E12.L+,2 X ,”T HE i1INIMUN PC TENTIAL E~iE t5G Y IS
l,515.5,?X ,”AND THE C~< I T I U ~~L ~AVE NUM~iER IS “,Ie)

~84 FC~~M~~I(//,2X,’0ET~~F~4iNA T IUN CF THE sR ITICAL C IPCUM FERSN TIAL WAVE
I NUM~~E P  C N ) / / / 2 X ,~~4 4 * + 4 + + ~~+ # + + + + 4 4 + 4 4~~~4+ +4 # + + + + + + # + + + +

~ ~~ ~‘ / 2 X ,  ~~~~~~~~~~~~~~~~~~~ ~ 44 44 44444 4 4 4 4 4 4  4 4 4 4 4  4 4 4  4 4 4 4 4  4 -~ 4 4  4 4  4~~ 4 4  44  ~ 4 4

3~~~3 * & 4  44~~~$ 4 4 4 4 4 4 + ’)

51 ~ FOt ~f-1AT (//,2X ,”1HE fELA1ION DETW ~~
5N AXi A L LUAU A ND TH~ PRESSURE IS

1 NX = ” ,Lj~~.
L.,2X,’•t”UL TIPL Y D Y  i~: P SSUP~,” ,L1c..+/2X,

2 TH5 1NC~<LN ’Et~T OF THE F~. tS~ URE IS” ,~.1~~.4/2X ,

~~‘A ° J i J  THE A CCLR A C ’Y (PE FCENT ) CF- THE PRES iURE IS’~ ,rI2.~,)
,
~~1 F NAI( //,2X,’ WA’%IE No =“,I1~~,2X, ”LCA O= ” ,Et5 .5,2X ,

1”FO TENTIA I :NEt’GY= ’ ,L 15.5,~~X , ’ELAP SEO TIME= ”,S1~~.4,2X,”S5COND5”)
722 F0’r” - l  C//, 2X ,”END OF T I-IS CASE 3~~CAUSE NU~1eER OF L CAU FCINIS IS

1~~P~~A 1 E F  Tt- A N” ,1 8)
END 

- •



5Li s~O L1IN E INPERF
C C :HCN ,FOUR IR/X FCUF,KF,KL ,K 3,X2,Kl
c0M cN,cINlG,NF QFOT,MI (5r ()
C O N M C N , F A C T~~/D15 ,XL,XH
CON ’I-1CN/F ILFR /DEL IA,AL I,OA I ,AL L ,3T2,GA2
CO N ’fr CN / E52/WZ(23 ’ ,5),W~~~C2~~~,5),WZFP C2u ’,5)
DV=1.

• PI=1+. ’A TAN (UV )
A C= 1.1.. XH
A1. = PI4 7./~+
XX= C .
00 1-5 I1=1 ,NEO~~OT
W Z (Ii ,fl=—AC 4S IN (A 1 XX )
WZP (lI,2) —AC 4A1~~CCS (Al~ XX )
W Z PPC I_ ,2 )=AC ~ A j~~A 1 SIN (Aj XX )
WZ (11,1) ~
WZP (11,11 = C .
W ZFF (I1, 1) ~~~.
1F (K 1.LE .2)GE TO 5~
00 11 J1=3 ,Kl
W? (I1,01) C .
WZP( Il ,Jj) =3.

• I°4ZPP CII, J1 ) C.
11 CONTINUE
50 CO NT INL . E

XX XX+ CE LT A
1 C CO N T I N UE

RETUR N
END



--- - -- - --~~~ — - -  —-~~~- ~~~~~~~~~~ - - ~~~~~~~~~~~ - - - - - - - - - --

SL~3-.~U L 1 IN E Tr~A N S F (W F ,X W F , F F , X F F ,  ;4W,NF,NRF ,T1 ,MAX ,lD R, 1p R-~)

CCN ’M CN ,PRE S1 /WM (2 ,5),ETM (2 ,5),WMP (2C0,5)

CO N’1-h /F1C f JL.E LTA,A L 1,G ,~1,AL2 ,BT2,GA2

C~~M M O N ,C 1 N T G / N 5Q F O T , M I (5 U )
C CMM C t~/FOIj~~IR /K FCU P ,icj,,KL.,K3,K2 ,Kj.
DIHENSION HF (N)~F ,NW) , XW F ((~HF,N W ) , FFCNRF,NF ) ,XFF (NRF ,NF) ,T .. C IIAX N )
IF (If~~~ .r~O.~~1 GO TO 278
DO 1C 11 i ,NEQPOT
NL=N 1(Ii )
CALL ~EAD NS (22,T i,NL,Ii)
IF (II.NE .1) GO IC 75
(0 11 ji 1,~<1
HF (1 ,J1) =11 (01
WM (I1,..1)=T1 (Jj+Kb)
XW F (i ,Jt ) =1i (J1+~<3— i.)
E T M ( I I , J 1 ) = T i ( J i + K 3 + K E — 1 )

11 CONTI N LE
00 12 .jl=1,g2
FF (1,0fl T1 (J1+Ki )
FN(1 1,J1) =T1 (J1+K1+K 6 )
XFF ( 1, ..1) = 11(01+ 1<1+ )
XFM(I1 ,J1)=T 1 (J1 +K’.+K€ )

12 CONTI NL E -

GO TC l’3
175 CO 13 5.1=1, K1

WM(I1 ,..1)=TI (J1)
E TN U I , J i.)=U(J1+K3—1)
CUNII I1LE
110 1’. 5)I=1,K2
Fr’ U: ,J1) =T1 (01+1<1 )
XF N(1I ,J1J T1 (J1 +K’.)

1’. C C :~ 1Ir-LF
IF (I 1 .N- .t~~QrU1 ) CC TO 1C
DO 15 J1= ,K1

kF (E , . , 1 )  = 11(01 +K 6)
X ( , . . . 1 )= T1 (J I fK3 *K 6—1 )

~ 5 C u r L S
~iO 1E J1=1,~<2
F F (2,o ) T~ (J1+K1 +K6)
X~~F (~~,JI )= T 1(Ji +1<4+K 6)

:E C C;~tI r LE
I~~) C U NT I N L E

I FU0 H.NE .l) CO TC 2 7 5

~D ~~ 11 2,NEOP
DO ~: ,..1 1,K1
...M F (I1,Ji)~~A L 1 4W f r C I 1 1,J1 )+GA l4WM (Ii+ ...,J1)

21 CO riTI ;LE
DO ~2 .~1=1, I<2
FMF-( I: ,Ji )=AL1 ~~FN(A1—1, J 1)4GA1 ~~FM (Il +1,J1)

22 CONTI~~L-E
2 ’~ CO N TI NL E

DO 2~
‘I
I’.- (1,~~:)=A L 1’~~r (I ,J1) 4GAI4~~~ (0, 01)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~

• - -  -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - -- ---- ~~~~~ -~~~~~~~~~~~~~~ - - ~~
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23  CC~J J I N L E
CO 2~ ~1 l,K2
FN’ r  ( 1,01)  AL 1~ FF (1,0 ) +GJ.1 4FN ’ (2, J 1)
F : C t  CPOT ,J 11 AL1~~FM ( NE UF’ ,J . )  .~~A 14FF (2 ,Jj.

24 o 3 N T i P~LE
275 IF C t F - R~~.NE.1 )s~ET LRN
? 7 8  C O N T I F L E

01=0
WRIT: (6, 4-LiJI
wRLTE (e, 5:- C- )
XX C.
WRITE (€ ,b ~ )HF(i,j),XWF (1,1)
00 1,8 11=i ,N ~~QP O T
W Qj TE (1,5 9)I1,XX ,WM(I1,1),WN~P (L 1,1),E1M (I1,1)
) CX = ~~X 4CELTA

~4 8  O0~~T I N L E
(C, BC C) HF (2 ,1) , XWF (2, 1)

00 49 .j1 1,KFOLR
HRItE ~ (€ ,4 ’)J l
W~?ITE (6,5CC )
W~~I T L c e , 7r’:)WF (1,J1+i ),XHF(1 ,J1÷1I,FF(~~,J1),XFF (i,J1)

CO 51 i1=l,r~.EQPO 1
WPi Tr , (€ ,6f9)11,WN(I1 ,J1+1 ),HN ’f (I1,J141 ),ETM (I1eJ1f2 )~~

FM (I 1~~
J1)

~
1FM P(Il,J,), XFM (I1,J1)

51 CC :~T I N L E
w~~IT:(6,7 :r )WF (2,J4+1),xwF (2,J1+1),FF (2,Ji),XFF (2,o1)

1,9 CO NTI N LE
DO SL ~,j l<I ,K2
W’~iTE 

(€,1+Y )01
WR IT S (6,5CC )

~iE 11 . (6, ~~ L . ) FF (1 ,J 1), XFF (1,01)
CC 55 1 1,z l , N E O H O I
W~~IT~~(c, 7’9)I1,FNClt,Jt ), F DP(I1,,J11 ,XFV (I1,J1)

5~~ C u N T I N L E

52 CO t-: TINLE

~.0 FO t ’NL~T (//,2X ,”INTE RMIUIAT FESULTS FOR KFOUR= ”,i8/2X,”4444444444444

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
53 j  Fln- ’IIAT (/ 1 , 2)1 ,••PO INT’ , 1+X,~~L E NC,TH , X,”W” , j4-X,~~WP’ , 5,

2’’ ‘‘~
3 4 4 w 4 4  4 4 ” )

909 FC R MA T(I 8,t12 .4,3E15 .6)
6CC FORN ’MT (//2~~H FICTIVE POINT E15.6,ISX,615.6//)
tj(~~~~ F~~fMAT (I8,12X,6E15 .6)
7 F O R F ’ A 1 ( / / 2 C H  F I C T I V E  FUINI E15.6, X,2L1~~.6,._ 5X ,ti~~.o//)
80~ F O R M A T  ( 1 16 S F-  FIC Ti v E POINT

1 E15 .6, 1SX ,E1 , .E/ f )
S F0F- r~~T (13 ,57 X ,3iElS .6)

RETU RN
END



~UDROU 1IN~ A~~UG ( l ~~C, H1,CF ,L~F,AF , 1,F ,N1~H S , X NX X , L N , N J , N H , N F )
UUMMC I\/C INTG /NEQ FOT ,MI (50C) 42 ~
CO t~MCNId CUNC /L S1 ,LSN
CQM~~Ct~iFICF~~/DELTA ,AL 1 ,GAs.,AL 2+3 T2 ,GA2
LCMMCN /FOOPU~/KFCUR ,K~~,KL ,K3,K2,K1
CIMENSION AF (M 1,r ’1),UF (M1,M 1J,LFCF’1,N1 ),GF (M 1,N~~HS)

C NE~5PUT NFO INT (EXCLUDING FIC 1IVE S POINTS)
C LSI —Klr. C OF ti CU NDARY CON DITiONS OF POINT 1
C LS N  —~cINU CF EOLNOAF Y CCNLJ1 TICNS OF POINT NP
C NH - r’AX Ir’U’ K-f l FOR OIF1ENSIO~4 WM (NJ,NW )
C NF — ?‘AX IMU? ’~ 24K FOR CIMEN SICN FM (NJ,NF )

If- (IEC.GT. i) GO 10 10
C A L L  ~c S T G C F F , C F ,A F , G F , 1 , X N X X ,r ’ 1 , N J , N W , N F ,L N , N PH S)
DO 2 I1=1,K6
CF (Ii +1<5 , NRH~~) =GF (Ii., N (HS)
00 2
BF (I1sKB ,JI )=AL 2’E3F (I1,J1I+A 11’SF (I1, J1)
BF (I isKB,JJ~+K6) ET� 4BF (I1~ J1)+AF (I1,Ji)
fl F 1I i,..i1+K~~~= 2 ’ l3F(l1 ,J~.)+GA 5,’CF (I1,J1)

2 CONTINLE
CALL ECUNC~~(A F,CF,GF,1,X ~!XX ,LS1, tll,NJ,NW ,r’IF,LN,NRHS)
CO 3 II 1,K6
00 3 J1 1,Kâ
1~F(I ,.~1J=AL 1’AF( II ,J1)
AF (1:+1<6 ,Ji )=E F ( I1,J1#1<6)

~iF (I ,.j1+K6 ) CF (Il,Ji)
A F (j1,J1) =GA1 4A F (I~~,J1)

3 CO NIINL E
RE i URN

ir  I F U ~~C.GT.2 GO TO 2C
CA LL RSTG (A F,CF, cF,GF,2,XNXX,t~1,NJ,NW ,NF , L N ,NRHS )
00 1, I 1 1~,KB
(0 4 J1 1,K6

~F (I 5,,0i)=E ,F(Il,J1)+~3T2’AF(I1 ,Ji )
CF C I~ ,J1+K6 =AL2 ‘AF 1,Jfl 4ALI’GF
A F (I1 ,J1 )= CA2~~AF (I1,J1)+GA1- ’CF (t1,Ji )
CF (I I ,J1) C

~ CO t..TINLE
R E T  URN

2 C  IF(F (5.GE .NEC PUT-1 ) GO TO 5°~
J~’ IEG 

-

CALL ~ST G (A F ,CF ,LF ,G F ,JP,XNXX ,M~ ,NJ,N W ,NF,LN ,NRHS )
CO S I1= 1,K€
DO 5 J1 1,1 <6
i~F ( 11, .4 ) = t F  (II, Ji ) +k3 T 2’AF (11,01)
TEM P=L ~ 2’AF (I1,J1)+GA 1’CFCI1,Jl )
CF (I1,.4) L2~~AF (I1,J1 )+AL CF (I1,Ji)
AF (Il,01) TE~ P

S C O N T I N I E
F.E I U~ N

3C I F (r L . 50.N:cPor) GO TC 4-C
JP LI’S
C A L L  —~~T G ( A F , C F  , t~F ,r F , J P , X N X X ,~~t , NJ , NW , N F , L M , N R H~~
Do 6 T:=1, K6
00 €
e F ( I~~, o : ) : L ~F ( I,~ ,J 1_ ) + ~) T 2 4 A F ( r _ , J i )



CF (I1,J1 )=AL Z’AF (I1,J1)+A LI4CF (I1,Ji )

A F (I1 ,Ji )= TEM P
AF( II,..1+K6 ) C .

6 CONTIN U E
R E T U R N

40  J P =I EC
C~AL L PSIG (AF,CF , ~F ,~,F ,JP ,X N X X ,t1i , NJ ,NW, ~~r ,LN,NFHS)
(0 7 I1 1,K€
CF (I1+ K6 ,NRI-S ) GF (I1,NRHS)
00 7 .~l 1,K6

• UF (I5,,.~1)=DF (I1,J1)+8T24A F (I1,Jl )
EF (11,.~I.*K6 )~~GA2’AF (1i,J1)+GA1’CFCIi,J1)
)3F (114K6,J1 ) AL2’AF (I1,Ji)+AL14CF (I1,J1)

7 CO N TI N LE
CALL FCUNDR (LF,AF ,GF,JF,XNXX,L 5F4 , ~1,NJ,NW ,N F ,LN, NRHS)
CO 8 11 1,K6
TEMP=E FC I I ,N R HSI
CF (11, NRHS ) =CF (11 +1<6, NFHS )
C•F (I1,+K6, NRHS)= TEM F
DO 8 ~ 1 1,K6
(IF (I1+I<5,o1+K6) = G A 1~~CF(Ii,J1)
CF (I 1+1<0 ,Jl ) AL 1’CFC Ii,Jl )
CF CI! ,J1) =BF (11+ 1<6 ,J1)
D F( 1 i + K 6, J 1) A F( I1,J 1)

8 CONTINUE
URN

END



FUNC I 1CN AL~~(I,J ,L ,~~, J F , Na ,N3,N4 ,IL)
C N 4 1  1C 1 E (JP ,I +J) OR 6 (JP,I—J )
C NL, =2 FOR 1 3( J F ,J )
C LL=i. FOE - H L L 2  FOR F

CO NM CNiFO U RIrc /K FCUP , K b ,K~~,K3,X2,K1DIM 1-~S 1ON t~C N2,  N3 )
• IF (L .~~~ .3) GC TO 1 ,C

ll= I -f J
12=11
GO TO 2fl

10 i1~~IA E ~~( I— J )  —
12=11

~ 3 IF (NL..EQ.1) GO TC 12~
I2=J

• GO TO 100
12~

j IF (15 , .LE. 1<FOU R ) GO TO 1J r
A LB = C
R ETUF N

1OL IF (L .LE.3 ) ‘~O TO 110

IF (I. aC .JI ETA O.
It: GO IC (11, 12,13, 1~~,15,1E)
11 ~< 1 I i’’2

GO TO 17
12 i~1=J - ’- ’2

GO IC 17

~ 3 P1=2. ’11~~J
GO TO 17

1~ R:=(~~.—ETA )’I1’’2
• GO TO 17

P1 (~ .-IL T A)’J’42
GO TO 17

16 I F ( I — ~..LT .~~
) E T A z — l .

r~1~~~2.’ETA’J’I1
1 7 IF (LL .€Q. 1112= 1241

A L E = F i ’ L~ UF,I2)
RE tU~’f ’

• END

________ j
- -———---~~--~~~ — - -~~ A



S UC: ,< u UTIN E T & ( P , S , T,G,JF, XN)(X. M1,NJ ,NHpNF,LN,NRr (S )
C L N 1  FCR LIN EAR L N 2  FOR NO N L I N E A R
C NO ~ -~ X IMEr ’ PUNTS IN ~ L R I L l O N A L  UI PI CT 1ON
U N W  ~~~~I~1U~ K RO U ~~~i ~.F— ~:A X I~iUt1 2 . ’ KFOUR
C ~ N X X  ,a) 1IAL CL~1PR SSION L OA D  .P— THE POiNT IN M~~RIJ IONAL  DI~~EL t IUN

CC:1 ICN/ F  3Uk 1 R /KF  CU P,  1<6 ,  K4,  K ~ ,K2, 1<1
C C M M o r ~/ G L C N / R R , U D , H11,H16,H22 ,~~1t ,L 1 2 , C 22 , U 1 1 , D 1 2,U22

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
CC Mr ’ON/k~RES2 /W Z (2~~

r ,5) ,WLê~(20L,5 ) ,WZPP (20C,5)
COM ; N12RES3/Ft~C 2 ,à ,XF~ (4CC ,8 ,niP 2’

~ 1 , 8)

C Ur’  MC N /XXL CA C/XPRES
O I PEN ION F( r ’ 1 , M 1) , S( M 1, h 1) ,T (r11,N~~

} ,G ( M 1 , N R H S )
C
C ~‘i.= L,4 s~F C U R + 2  -

U K3 3’K FCU -~’+2• C K2=2’KF CUR
C K1 KFO LS41
C C 9= (NNN/~~R)44 2
C C1=UD’I-ll
C C2= .’CC4HI2-’C’
C C3 2.’C12’C9
C C~ = J D ’ H 2 2 ~’C 9~~ 2
C C5~~.I1/D11~~CS

- 
C6=1./ (RR’0~~1)4C9

C C7=C~~’42/ (_ .4C1 1)
C Cd=~~~~~ C9~~’2• C C1~~z C 9 / 2 .
C

DO I 11 1,Kc
G (l:,~~FdS )=~~.
00 1 ,~~~1,1<6

~~~~~~ 1 , — r ~~~ % L - - ~~~. - ~~l~~ - .

I C O N T I N U E
JI C

4 Ii K3,K 6
T ( U, I 1) = 1 .

J t = J 1  +1
~~( I1,..~~ ) — I.

2 CO Nt INU E
C E. L IL i~~~IL;-~ ECL A TIO N FOR I=C

T t ,K~~)~~2.’~~11/ (R~~’Cj1)+XNX X
1 (1, 1 ~ .1 (R~ ’ ’24 O 1 t 1

N R  -~~1 = — XN XX ~ HZPP (JF, 1)
G ( 1,N~~I - S ) = G ( 1 , N P H S ) + X P P E S
CO 6 .,~~~~ ,Kf CU?• IS J’’~
T ( 5 , , r~~ 4 J ) = T ( i , K 3 s u ) — C ’ / 2 . ’ IS ’ H Z( J P , M)

C 1,J.~~) 5(: .0+1 )— C 5~ IC’~~~f- (JP,M)

III ,Y~L,,J) TL.,K 4 - 4•J ) +C1 ‘IS’W2 (JP ,t’)
T (1,r~5 4 J 1 = T (1 , K L + J ) + ~~1~~’IS4WZFP (JP, P1)
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-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
F (L N.EQ .~~) GO I C E

T (~~, 4J)~~T (1,K34J)—C5/2 .~~iS4 (JP,M )+C1’’IS ~ Ffr (JP ,J)

t +C~~ ~1S 4XFfr(JP ,J)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1 (t ,K 1. i4JJ I (1,K4+J)+C1C4IS~~~~(JP ,P’)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

2FM (JF ,.Ji4~2.~~kM P (JP,M)~~FHI-~LiP,J))
E CO N T IbL E

C EL~~~L1E3 rc 1LM E U LAT IO~~S FOR Izl,2,,,1,,,KFOIJR
00 3 r i = 2 , K 1
I~ Ii~~1I S~~I~~~21 S 2 ~~1~~~~2
I (It, 1S~~WZ (JP, II)
t(t1, ) —L 5 I~~~~Z (J~~,It)
T(I 1,I1)~~ ,Ls~~IS2
T (Ij,I 1+K1-t ) — Cd 4132
T (L1 ,11+K !—1)~~—C2 4IS+ X~~XX
1 (11, I1÷K~~— 1 )=C3~~I~~-1./F~c’}
~~I.1 ,Ii+K 3—1 )= C t

r:~~C7~~IS4i~2 (JP,I 1
G (Ii, N~~HS) —XN XX 4W 7F~-’ (JP , Ii)
IF (L~~.EQ.i) GO IC €3
T (Ij,1)=T (I1,j )— CE4IS4~~r1 (JF,I1)
1 (I~~,K~~)~~T (I1,X 3 )— C IS4Wt~.(JF,I1

)
T (l1,I~~) T (I~~,Il)_ ISf (C5* LT M (JP, +C~~~~M (JP ,~~))
Ei=C 741~~* (~U~ (JP,I t )+W Z (J~~,It)~
L2~~c 7 / 2 . 4 I ~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
i ~C 1 ~~~lM( J ,1I~~W~~(JP ,I1)

6C CO ~. ~.~z1,KFCLR

~~ ~J

T (It ,~~*1) T (I 1,J+t )+~~14JS4WZLP,M)

~F (Lt~.E Q.1) GO IC ‘4
I(1.,j +i. )~~T (I 1,J+t)#E 14JS4WM (JP,1)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
( JF,~i )+ 2.’~~Zt J f,M ))

L CO~~TI M.E
CO E’ J~~j,K2

Ti , K~~+J ) (I i, ~J) ÷cj 
C’ (ALI3 (I,J,t ,~U ,~~P,NJ ,NW , 1, 1)+

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
T (11 , r~~~J)~~I (Ii ,KitJ )+C 1T~~(ALE (I, J,2,W~~PP,JP,NJ,NW , t,j~) +

~ t~Lt~(I ~~~~~~~~~~~~~~~~~~~~~~~~~~
~~~~~~~~~~~~~ (I i,~< i+J ) +C1~~ (ALE( I ,J,,3 ,WZP,JP ,NJ ,NW ,~~,~~

) +
1 A L J (I, J ,E , P,JF ,t~J ,N~~,1,~~I)
IF (L~~.E~~.~~3 GO IC 5

~ t ( T i ,  +C1~~ A L CI ,J,1, ,JP ,t~LJ,~~w ,1,  11 +
I ItLU (I ,J , ‘4, ~ fr , ,.. P , N J , N W  , I, 1))



T ( I 1 , K 1 +J ) ~~T ( I1 ,~< t + J ) + L ’ (A 1 3( I ,J , 2 , t . T M, JP,NJ, NW , . , 1~~+
1 AL~~

( I ,J,5,ETM,JF, NJ,N~.,t, li )
S( 11,~< 1 s J)  ~~ (I 1,K14J ) •C1L~ 

( A L i( I ,J ,~$ , ,Ji- ,NJ, M W , , . )  +

1 A Li (I , J , 6, ~dF , J F, NJ , “~~~ , I, ~. 
) )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1 t~LEi~(I,J,

t4 , , J P ,NJ, W ,t,1))~~XF~i t Ji- ,J) +(ALU (j,J,2, : T~~, JP,1IJd4~~,

3 ~~~~~ 1 J + A L ~3 (I,J,6,WHP ,JP ,NJ,NW ,1,~~
) ~F~1P (JP ,J))

IF(I..~:.GT.KFCUR ) GC TO 8~
1 (It,I +~~~zT (I1,IJ1+1 )+C1L~~(1~L3 (I,J,1,XF M ,JP,NJ, N F ,_ , 2l)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~ (i1,I ~~if1)~~~ (Ii,IJ1+1)#Cl ~~~ALtj(I,J ,3,FMP ,JP,iJ,NF,2,2)

6~ 1J2~~I~~ES (I—J )
1F (I J2 .GT,KFCU~~) GC TO S
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
T (I 1, #1J 2) T (I1,K3+IJ~

) +L1C’ALb (t,J,S,FM,JP,i’JJ,NF , Z , 2 )
St Ii, 1J2+ 1) Ii, IJ2+1) I , J ,  6, FHF, JP,NJ ,NF, 2, 2)

5 CON T IN LE
3 CON TINLE

C CC M P~~T 1 E I L I 1Y FG U .~T IUN~ FOk I~~1,a,,,,,,2KFOUR
El C. r /2.

I3=I2 .~~~— 1
CO 7 I1~~I2,I3
1zI ~ — K 1
1S I~ 2
R (1 

~.,  11 t K L ~ — K ~~) fl ii.
T (1l,I~~+K~e—K .~) _ IS~ C11
I ( Ii, Ii) IS442~~C
I F ( I . LT . K F L L J R)  GC 10 82

~ (11, I 1 i - K 3 — ~(1) 
~Q11

T (1 1,I1+K 3—K1 )~~— IS~ C~~+1./~~R
T (I1 ,II—K 1+ 1) IS~~~2~ C8

82 50 ‘~ J~~~1,K1
‘J=J 1—l
T (11, +K!—1 )~~T (It,J l+K 3—~.)—C 1~~ 

(~~Lt3 (I,J,1,~~L ,JP,NJ ,NW,ieiJ +
1~ Lti (I ,~~~,4 ,WZ,JF , NJ ,NW, 1,1))

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1 AL B (I ,J , S , ~ ZPF , JP , N J ,  N W ,  , : 3 )
s (Ii, J ~ ~ (I I, Ji i —~~i ~ (AL t ~ U ,J, 3 , ~LP, ~~ ,14J 

,~1w, ~~, ~ ) +
1 AL tiCI ,J ,6 ,~~ZP ,J F , NJ , NW , j , i )  )

IF( L t . .~~ ) .1)  GO IC ~
T (I~~,J +K3—t )~~T ( I1,J 1+K 3— ~.i—E14 ( A 19 (I,J , ,~~M,J F, ?.J ,Ni, 1,1j +
~L~3 (I,j,~~ , K ~~,JP ,NJ,NW ,1, 1))

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
I AL~3 (I ,J ,5,~~1M ,J f , NJ ,  ,j .,1) )
S (I 1,J )~~S (I1,J1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1 A Lt~(1 ,J,6,~~frP, JF ,NJ,N~~,1,i))

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
I + A L B ( J , J , t, ,r ~t~,J P, t~J,
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
IJ.~~1+J
rE ( IJ~ .~,T .t(FCU ) ~,c TO ~~
I (I.~, 1....t+1)~~I (Il ,IJ1fi )— ~~1~ (AL ~~( I ,J,1,~~TV, JF,N J ,tJ W~ 2,1))



A g
T ( I I , K~~4 IJ1)~~T ( I 1, K3+ I J j ) — Ej (A L J ( 1 , J, 2 , W M , J~~,N J , N W , ~- , 1 ) )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
83  iJ2= 1~~~S (I-J )

IF (1J2 .GT .KFCUR ) GO 10 9
T (I1,IJ2 +1) 1(I1,I~j2+1 )—E1~~AL L~(I,J, ’.,EIM,JP,NJ,NW,2,1)

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~• S (I1,1_ 2 +1)~~S (I1,IJ 1)—E i4A 1d(I,J,6, Wt~P,JP,NJ,NW,~~,i)
9 CON TINLE
7 CO N~~I~~t~

~E T U ~~N

_ _ _ _ _ _  —4



.~U~~~OL1LN E nUNO~~(eS,bT,uG, IN,X~IXX ,LS ,~’i,NJ ,NW ,NF ,LN ,N1~HS)
C M CN /Fou- ’1~~/KFCUc , K~~,KL+,K3,K2,K1 

iq
1CN/ PRL S1/WP!(2PC,5 ) ,ETM (2uC,5 ),WM i- (2_ (~,5)

CC:~~;~2 r’/ t- ~PE ~2/~~Z ( 2~ ¶ ,  5) ,WZP (2 ( - ,5 ) , W Z P P  (d~ 0 , 5 )
• 

-

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C0MM LN ,FAL ~~2/1JL1,tJL2 , [JL 3,LLL+,[JAt,DA2,D ~~~,DA~,,[)c~2,Or)3,0134, XN I ,EXX P
LCt~MU N /FALT CM /C1,C~~,C~~,CL+,CS ,C6,C7,C 8,C9,C1,..,C~~1,CI2
LJIM :~~~I0N [~5 (Mj,M1),BT(M i,I~t) ,~~L~ t t ~1,NRHS)

C t C U N u A I c Y CCNGI T IONS Bs~ z;+ Dr~~L~~~G
C L S 1  FC~ SS 1 ~ = t’ X =N XY NX= ().
C LS~~2 I- OR 5S2 ~= X X Y = U 0.

• C L~~~3 FC~ SS3 W~~M X = V = N X ~~~.
C L~~~4 ~~~ S S L e W~~~X V U = O .
C L 5 5  FO~ CCI W :W,X~~NX Y =M X= ’~.
C LSZ6 FLR CC2 W W ,X~ NXY U C.
C LS=7 FCR CC3 w~~w ,X =V =ux=e.

• C LS=8 i-CR CCL W~~W ,X V :U= (.
C L E~~9 i-Op FRE E EDGE ~ X=NXY = Q~~~~X C
C L S 1 ~ F0,c SY F- F’ET~~Y Nxv= Q~~=w, x~~L e .
C LS~~i~. FCI- ANTI ~ Yt~MET~ Y ~X X = V~~0.
C A LF A = ( 1 .+XL C)~~(1.+YLA ~~D )—XNI ~~~
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C CL3= EX ~~X L A 1 C~~(1. + Y L A ~~D )/CA L FA
C D L~+ = — X J I  EX~~XL A1 D /C A L F A

~ O A (1. +~~L~~NC)/(D~~L F A ~~EXX F )
C CI~2 — X IsI/ (D~~LF~~~E X~~P)
C fl~~3 — ( 1.+YLAMD)~~EX~~XLA f1D/D4LFA
C C~~~~X Ni~~E Y ~ Y L ~~~D/OA LFA

DE2z(l. l- >L A M L ) / (u~~LFA 4EX X F )
C £ C - 3 X~J 1~ a X 4 ~~L A ~~) / O A L F A
t•~ LE t+ =— (I . +X LA F’C )4~~Y~~YL M Mfl/ tJA LF A
C K 6z E ~~l F0U~~+2
C K~~~~~ KrC LR + 2
C 3~~t < F C ~.R42
C s~2:~~* K F C LP
C K1~ KF0L~~4~.

I F  t L ~~.t  0. ~:) L~~~ 3
CO
t~ G ( i.~. , NPFI S
CO 1 ~~~~~~~

E l  (I ,J1)~~ C .
1 C~~t- r :~~L E

~~~~~~~~~~~~~~ GO TO 888
~F (LS. (I.~~) GO IC 1O~
DO ‘ I = 1,K 1

~T ( I ~ ,i1 ) :~~ •
1f (LS .LE. L..Cc .LS .GT .8) GO TO i~ ’

18~ J:~
~
j0 3 I :=K~~,~c~.

~ S (r~~,..i:1.

~~~ I F ( L~~. ( T .~~) Cu I C  ~~~
L T ( K ~~~,K,) )~~~i.
K3 1~~K~~41



• CO L~ I1~~K3 1,KL.
O T(I1,1i ):OL1 •

, I1+K~~— K3 ) CL &,
IF LS .EQ.1.CF.LS .5C.3) GO TO L4
1= 11—K 3
3T(I1,j 1+K1_ K 3) :~~TtIi,I1 4~~1—K3 )_ 1~~~2+G~~4DL3

~. CONTII~1E
2C~ IF (LS.NE.I ’) GO TO 3~~(’

E1~~uL~ ,D1I~~C1O
ES (i,K~~) C11—DL Le/Dlt’O11
00 5 .., 1,KFCUR

~S ~J1 ~2
E~~(j,Jj+I)=t~~(1,J1+i .)+Et~~.JS3t~Z (IN,J1+1)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
ET (1,K1fJ1)~~kT(1,K1fJ1 )+C1~~~JS WZP (IN,J1+1)
IF (LN .EQ .1) GO IC 5
ES (1,~~1+1) E~~(1,J141)4E1 ~~JS~~~M (1N,J1+i)

~1 (j,J~~+1 ) EI (1,J1 +l)+E14JS4I~P’P (IN,J1 +I)
EG (j,NFHS) EC-(1,NRHS )+E1 S~~~~ (IN,J1 +1)~~WhP (IN,J1+i)

5 CON TINL E
CO 12 11 ?,K1

• 1=11—1
uScI1,It+ -l)=aS (I1,I1+K~~— 1)+uL 1
ES (II ,11 +1<4—1 ) =BS (11,1 1+K’i—1 ) +DL L~
CO 12 Ji 1,K2
E3T (  Il, K1+Jl ) =RT ( J1,KI+J1) +C1C~ (ALE (I,J1,2 ,W Z P ,  IN, NJ ,,~W , 1,

j . A LB (1,J1,5 ,1~ZF, I N , h l J , N W , 1 , j . ) )

1 2  CONTINUE
3 C 3  IF ( L~~.N E . c )  GO IC 4)~

E I ~~i ) L 4 / D 1 1~~C11
C- T ( 1 , 1 < 3 )  511—€1
dS (K?,K 3) DL 1—~~1
E1=uL~~/ ( U 1I~~~R)

LS C K3, = XI~x X — j
iiG (K~ , N RHS J  ! — X N X  k Z P (  IN, 1)
E1 CL ’1/Di. i’ClO
CO o J~~~1,KFCUP
JS=J~. ‘‘2
ET (1,J1+1)=ET (1,J1+1)+E1*JS*I,Z (IN,J1+l)
E T ( K ~~,,. 1+1) LT ( K3 ,J l + i ) + L 1’J ~~’W L P( IN ,J i + l)

• BS (K7 ,J1+1):iS (K3,J1+1 )4-L1~~JS4WZ (IN,Jl+1)
IF (LN .EQ. 1 ) GO 1 0 €
ET(1,~~It1 )~~~I(1, +1)+€1 ’JS I~t~(IN,J1+l)
EG (I, S )=EG (l, S)+Ei/i.4.~~’W~1 (IN,J1 +I)~~’~

uiS(K~~,JI+1) cS (K3,J1+1)+E1’JS’~~M (IW ,J1+t)
(Ks , 5) ( 1< 3, N ’~H S )  +c~1’JS~’ WM (  I N , J I + 1 )  ‘W M P ( I N , J ~. + 1)

b CONTU ’L5
DO ~Z 11 2 , K 1
~: ~
~s= 1’ ‘2

• ~I(1 ,I:+s~3—1 )=OU.
t3T (I .11) :—1~~~C9’QL2

~ T ( I ~ , I 14  K~ — I) r ) L %

b~~ 4 J _ 4~~~~~I, i1+~c 3 — j ) z L L l

L.



• - J~~(IliK3-1, I1 ) -1S’C9’ (OL~~+2 .’CO’(i.-XNI ))+XNXX
LJG (  114 1 < 3 — 1  ,ls 1~HS)  :— )(NXX’WZF (IN, Ii)

13 CC NIIN L E
4C~ 12= K I41

13= IL + X 2 1

DC 1 11=12, 13
I: I •:~~ 1< 1
IS= 1’ ‘2
GO IC ( 2 1 , 2 2 , 2 3 , 2 4 , 2 1 , 2 6 , ~~ 7, 2 ~~, 2 1 , 3 ? ) , L S

21 JS (11,K1+I)=1 .
131(11+14,1<1+1) :1.
GO TO 7

2 2  US (I1,K1+I):1.
D S  (1~. + 14 , 1< 4 +  I )  ~ D E 2
DO 8 31 1,K1
J= J I~— ipS ( I I4 I 4 ,J 1) :e s ( Ii+Il, ,J i )_ C 1 ’’~(A L C . ( I ,J , I ,W Z , IN ,N J , NW , i , 1) +

lAL 1 (I,J,4,~~Z,IN,NJ ,~~W ,1,l))
8 CONTINUE

IF (I.~~T .KFOLR ) GO 1 07
eS (I1+IL+ ,K3 +1)~~aS (I:+I4,K~~+I)+ [rn3
bS( I~~+I4,1.1) = e S ( I l + 1 4 , I+ 1)— I S ’ C 9 ’ O~~+ +1./RR
GO TO 7

2 3  E3 T (11, 1<1 + I ) 1.
DI C 11+ 14, K4 +I )=0E2
IF (1.GT.K F~~LR ) GO 10 7
Dr (I1t I~~,K3 +I):DE3
GO T O  7

24 bT (I I ,K 1+ I) —IS ’C9’0A2

D S ( I + I ~~, K l + I ) = — I S ’ C 9 ’ ( D A 2 + 2 . / ( L . . .— X N I ) ’ E X X P ) )
• ~S (I + I L.,K 4iI) Oc2

CO 9 Jl l,K1
J = J 1-  I
B S ( I 1 4 I L + , J 1) :d S( Ij + IL 4 , J 1)~~L1 ’ ( A L 1~( I ,J , 1, W L,I N,N J,~~W , i , 1)+

1 AL I3 (I ,J,4,WL ,IN ,NJ,NW,i,i ))

~ CONT INLE
1F (j. L1.KFCU P ) GC 107
DI Il, K,~+ I) :003

114 ,K 3+ I) 0E3

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
60 10 7
t~ C ( 1 1, 1< 1+ 1)  =1 .
U (  I 1 + 1 . , K L . + I ) : D ~~2
1F (1.GT. KF UUR ) GC 1 0 7
r ( I 1+ 14 ,K 5+I ) D~~3
G O TO 7

‘7 FT (j~~,Kj+I):1.
LT (II+14,K4+I ) 0E2
IF (I.G 1.K F LU~R ) GC 1 0 7
cT (II+14,K3*I):0E3

~,D T n  7
2 M i-T(L, K1+I)~~~IS~~C94DA 2

dl (I~ ,K 4+I):C13 2
PS (h+I~~, .I)=—I3’Cq’(DA ~~+2./ ((I.—XN I)’EXXp))

~S ( 1:4~~4,KL4I):DE2



_ _  - • •—~~~~ -• - •

I F C I , c • 1 . K F c u g )  GC 10 7
bT (I 1,K 3+I):C03
L~S ( 11 + 14 ,K 3+ I) =0P3
GO TO 7

3 C  D S( I 1 , K 1 + I) z 1 .
9S (Ii. 14,K4+I) :0D2
00 14 ~1 1 , 1<FOLR
0T(Il+I4,J1 .1):BT (t1+I4,Jl$i)_C1r~~(ALb (I,J1,2,1~ZP,IN ,NJ ,NW, ,1)+

• 14L 1~(I,J1,5,l,ZP,IN,hJ,NW,t,1
))

• 14 CO~’IT INLE
E~S ( I 1 + I 4 , K ~~+ I ) B S ( I 1 + 1 4 , K 3 + I ) + O 3 3

7 CC~~TINUE
c E TLkI \
E N D



~UE~~OLTIN ~ INVER 1 (FA ,A ,C,h,Nt~1,N i12,~)~~T ,1XP ,IO~~i)
OI1 iEN~~ION A (t.M1,Nt -I1),C (NM2) ,M (NM2 )
CLI =1.

NN :NA
I F ( N N . t ’E . 1 )  GO IC •:03
CET A (1, 1)

GO TO ~~ 4
3~~3 00 )C I:1,NN
90 fr (11 1

03 14~’ II=1 ,NN
0=3 .OC
iiO 112  K = 1 , N N
IF (M (K)) ~~~~~~~~ ,112

ICC DO 11. L 1,NN
IF ( v ( L ) I  1 3 , 1C 3 , 1 1 0

1C 3 IF (A DS (U)— ~~~~ (A (K ,L)))1fl5,1~~5,11”
E LO L

K D K
J = A  ( K ,  L)
i~I GA = C

IIC C C N T I N L E
112 CON TINL E

1F (D .cC .t.L )) GO TO 170
GO TO 138

• 
~ 7 L  ~~~I T E € , 5 ~~2 )

S T O P
~~ 2 FOPMA T (/ ,5X,”D~~TE INAN T= f~~/)

8 9  f~E~~r = - V ( L0)
P ( L O )  = f r  ( K C 3
t~ C K C)  z N M P
00 114 I= 1,NN

• C ( 1) t ( I , L C )
A (I,L 0 )=~~(I, KD)

114 ~~( I , rs L ) L . C

CO 115 J = i , N N
115 ~ ( K~J,~ .) =A  (KD,J) /C

CO 135  1 1,NN
IF (I .LC.K0 ) GO IC 135
CO j 3 L 1 J= I ,NN
TE M F=C (I) ‘A  (KD,J )

lj 4 A (I ,J) (I,J )—T E ~~P
:~~5 C O N T I r L E

1F (IDET .F 4E.1 ) GO IC 14C-
L E T O~~l’ iIC~A
I F ( K lJ . N E .L C )C I_ D E T

-,29 IF (A (i 1).LT .1.~~+i~i GO TO ~~~~~~~

Lt . I = C ~ 1/1 • 5 + 1 2
I X F = I X F ÷ l r
GO IC ~29

• 
~
)
~~2 IF (A ~~~( D E T ) . C T . 1 . _ 1 r )  GO TO 14~

C L T O E 1’l .~.+12
IX r I)~} 1 2

4C CC t~TIP’LE
CO ~ 

• I:1,NN



i r, fl L L + 1
I F M I — n  t 5 C , 1t ~~,15~

16G t (L)~~~~(I)

DO 2~~ 
J:1,NN

1L~1P~~ (L,J)A ( L , J ) A ( I,J)
a r :  A ( I , J ) T EP’ F
3f l 4  RETU RN

END



SUE3ROL I1N E ‘y~’y(N1, A ,U ,C ,N2,L1,L2,L 3,T)
DI~~ENS1ON A (L1,L2 ),B(L1,L1),C (Li,L2 ),T(L3 )

• tHN2.E~~.1 GO IC 12C
DO 11 I=1, N 1
CO l J 1,N2
TtJI P= r .
00 2u k=1,N1

2 0  IE~1P= TL~1P 40(I ,KJ’ C (K ,J)
10 T ( J ) 1ENI P

00 3C ~ = I , N 2
30 A (I,J)=T (J)
11 CONI INLE

RETUR N
I C C  DO 111 I 1,N1

T E M P = C .
CO 1~~ K 1,N1

12C TEMP=TEMP+E3 (I,K)’C (K,l )
111 T (I)=1~~MP

00 1L. I=1,N1
i3~ A U ,t )= f ( I )  •

RETU RN
END •



- _ _ _ _

SUJ~ OL IIN E YSYVY (N2,N1,A,d,C ,L,M ~~,Li,L2,L3,L4,1 )
C1M EN~~1ON A (L1 ,L3 ) ,2(L1,L1) ,C(L1 ,L2) ,U (L 2,L3) ,T (L 4)
1F (L .~~~.i) GO TO i c r

00 11 1 1,N1
CO i~ ’

• DO 2C K 1,N2
2~ TEH P=IEMP 4C (I,X) ‘0 (K,J)
1~ T (J)~~~ (I,J )—IEt ~P

00 3 ~~~1 , N3
3C A (I,J ) T (JJ
11 CONT INLE

RE T U R N
1j~ 00 11 1 I=1,N1

TcJIP C
DO i2~ K 1 , N 2

12 T EM P = T *I P + C (I , K )  ‘D(K,l)
• 11I T (I )=E (I,1 )— TLMP

CO 13C 1 1,h1
130 A(I,1)zt (I)

R E T U R N
E N D



• 

-

~~~~~

• •

SU3~~O UTINE FCIE (IJ~~1,Nr<HS ,~~A X ~4 ,AP,LiP,Cf,GP,r~R ,XP ,C ,MT,T1,
1 V I ,~~~XZ ,IX F N~, 0 E T H ,XNXX, LN,;~IJ,r.W ,NF)

C A x ~~= N ’ ~~~~ N

~~~~-~~~,CINTC,NE QPO T ,MI (5 C)
C C V 1 C N / C J I S K / I 2 1 ( 5 ~~1 I , I 2 Z ( S C 1 )
i i L l ~ .~~~ IuN ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
0IrL i J~~ION (~~A X N ,MAX N ), &,F U1AXN, NR kS),XPti1AXN ,NFHS )
0 I M L t ~~ b r ,  TI (MAX N) ,C C M A X N )  ~~~~ 1 (MA XN ) ,V1 (MAX2 )

C L~EU IV .~L”~NC E (AP(1,I),V1 (1 ))

• CE i T~’1 .
CO 1Y i~~1, N :QP OT
CALL .~ECG ( j,MA XM ,CP,dP ,AP,GP ,NkH5,XNXX, LN,NJ ,N ~~,NF)

~F (I.EC.1 ) GO TO 988

~M IN1 :PI (I—i)
888 1F (I.~~C .NE QFCT) GO TO ~~ 9

• NPLU~~1:M1 (I +1)
99~ C O N T I N L E

IF (I.EC.I) 00 10 12
C A L L  V~~YM Y (NMINI , ,BP,EP,CP ,fk,~ 1 , MA XN ,~~A X N ,MA X N,~lAXN, 11)

12 CALL INVE r~T (1~,t3P ,C ,MT,1~AX t .,M~~XN ,UET, IXF ,j3~~T)
IF (ICET.NE .1) CO IC ~ 4C
CE T M = L f ‘CE I t~
1xp(•~•= I ;~P+ i ~Pt~
IF (A [L (D TI- ).LT .1.E+1’ ) GO IC 630

• DET ~~~ C E T M / 1  . t+ iJ
IXFI’ I ~P~1+1~
GO TC

~~~ IF (A ~~s (JET~~).GT .1.E_ 1r ) GU IC ~~~~~~

CE i~~=c :t~-~’i .E+~.o
I~~r~•

• = i
• ~‘+G CONIIN ~~E

IF (1 .EC . NEL FC I) GO TO 102
C A L L  y t~v (N,F ~~,t ’ P,A ~- ,Nf LUSI ,fr4X~~, 1A ,~N,~~A XN, T i)
CA LL ~~ -1T: (2i,P~~,N ,NFLU~~1,M~~XN , MA XN ,I,MAX 2,V 1I

1:2 IF (I .EC.I) CC TO ~~
CA L L ~~~~~ ( I ~~1,N,XP,GP,CP, XF, ,MI~XN, 1MX 1~,NP HS ,MAXN ,T1 )
CALL flY (N , ~F,PP ,XF,NPI-4S ,MAXN,N~~kS,MAX N ,ft )
GO T O ~? 

-

32 CALL ~~ Y ~~~~~~~~~ ,GF,N S, tAXN , 4~~ H~~,MA X N, T1 )

~ 2 CALL A~~~ITE (22,XF ,N ,N~’I-IS,~-A XN,N R HS ,I ,M~~XN ,T1)
1~~~ CO N tI N L E

P~E .PCT :NTC FC T 1
i~C 2:. K z 1 , M E QP O T
r.K=N T~~FO T—K

~1MINI t~I ( N K )

~‘ V l  (N K fl )
CA LL X~~E A C  (2 1,F~~ ,N t ~IN1 ,N,~~AX t s,1 A X N , N K , I~AX 7 ,V1)
CALL ~~~ A C (2~~,GP ,N?~lN1,NRHS,t’A XN,N~ H~~,NK ,MMXN, 11)
CALL Y~~YrY ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~C A L L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

2C~ CO C T I N L E
F E  T L - t ’
LNU

• •



SL~~r~~~~~INE LA O ( N U , A , L 1 , L 2 , M 1 , M �~’ I NO , I ’ 3 ,V V )
C~~~~ LN/C [)ISK/I2i (SCi),I22(5’O1)
D1t~~ r~~ ION A ( t d 1 , M 2 ) , V V ( F~3)

C ~EC0 C IN J CF uIR~~CT ACL ES~ D~~1A s Er  NO iS R A D  AN J ALLCCAT D

C B~ ~C’r~S 1~~TC il’L2 PORTION OF MAI R IX A

L 3 L  1’L2
CA L L  ~ EA u f r ~~(Nfl , V V ,  L3,  II’D)
K L C
00 12 NRO~~:1,L1
CO IL NCOL I,L2 

-

KL KL + 1
A (N~~CW ,NCCL) VV 

(1(L)

1~ C O N T I N L E
RET URN
EN D



C U dROL 1INL Xs ,RITE (N0 , A,L1,L2,1~I, 
M. ,IN D ,M3,VV )

C O1 1CN/C~~I~~K/I . ( 5 ~~
1I,I?

~~~
O O l )

- C1M [N~~IUN 
AU’1 ,M2 ),VV (fr3 )

• C L1~~L2 FCFc T’ION OF t~A 1 R 1 X  A IS ~~ ITTEN BY ROWS ON DIPECT ACCE SS

C OA TA SET NO IN REC OR D INC

K 1 0
• DO 1~ NROW=1 ,L1

CO 12 NCOL I,L2
KL KL41

• V V (KL ) A(NRCF, NCCL)

• 10 CONTIN UE
C A L L  ~ RI1MS (ND,V\1,KL , INO, —1I

RETUP N
E N D  -



~UCkOLTINE 
Q
~~TSN (FC T, S 1~~Y,ST SA ,IP ,1SY ,ISA ,XNXX)

C PCT — F 0 r E N T I A L  ENI RGY
C ~ Tt~Y 

— UNIT ENC ~H0,~TENING FCR Y= C.
C S1RI~ 

— A V E ~<AcE U N I T  ~r.C ShO R TEN I NC
C IF:1 FCR C A L C U L A T E  POT
C IS Y= 1 FCf CA L C U LA T E  ~TRY• C IS A =i FC R cALCULArE ~TRA

CCM~1ON /FOUkiR /KFCUF,K6 ,KL +,K 3,K2 ,K1
CC CN ,GECt VRR,OC ,1-11 ,1-12,H22,C11,OI2 ,O22,U11,u1~~,D22

• - 
C G f r N O N /~~R ES 1 / W ~~( 2 ’ ,5) ,.. T h ( 2 L ! ,~~

) ,W t1 P( 2L~~,5)
• CO iON/PR~~~2/WZ (2OC,5 ) ,WZP (2CC,~~) ,WZ1-~P(2OC ,5)

• CCNr~CN /PRE~~3/FM (2 r,8),XFM (2C~~,8),FM}- (22C,8)
C O N M C N , F A C T C ~~/ C 1 ,C~~,C 3 , C 4 , C 5 , C o , C 7 , C d , C ) , C I O , C 1 1 , C l 2
C C Mt ~C N / FA C 12 / D L 1 , D L2 , D L 3 ,V L4 , C A 1 , C A 2 , D A 3 , D A 4 ,t J E2 , D L~3 , O d 4 , X N I , E X X P
COF’MOt~,FACT3/CL5 ,XL, XH
CO~~M 0N /CINTG /NE U POT,MI (5LC )
CONt ~CN /FICFR /DELTA ,A L 1,GA 1 ,AL 2 ,BT2 ,GA 2
CO N HO N/ XX I 0 AU ! X P R ES
CE I =Ci C / 2
CE2=C~ “2/2
CE3=C~~/((1.—XN I ) ‘EXXP )• C54=C9’DD’ (1.— XNI )
F O T C

• STRY~~~.
STRA 0.
DO 1C I1=1,NECPCT

IF Ii. ho. 1•CR . 11. C. ~E C P O T
Et = — C 1 1 ~~E T M ( I 1 , 1)— 1 . / R R’W N ( I l , 1)
E2=0.
i~O i i  j1=1,KFOUR

M (I i, ~1+1~~’ (W1 ( Ii, J1#1) +2. (I1,J1+1)) +E2
11 C O N T I N U E

~ 1=~~i4 C E 1 ’ E 2
IF (IF.NE.~~ GO TC ~~~
FE i= L, L2/D 11’ ’2 ’ E1~~’2 fUI1 ’ ETM ( 11,1)4 i — X N X X ~~W NP( I1 ,1)~’ (W h F ( 1 1 , 1) +
12. ‘ri 7F (11,1))
I-EI=P~~1— 2 .‘XFRES ’WI~’(11 ,t)

1CC E1=E ’CA2 /C11+0A 3’ETM (11 ,I)
IF (1~~Y .NE ..~.) GO TO h r
PSY= .EI

112 IF (ISA.NE .l) GC TO 121’
PsA=L1-WMF (Ii ,I)’ (~~W (1i,1)+2.’WLF (I 1,1))/2.

12~. IF (IS ’~.NE..L
) GO TO 13~

UO 1~ ~1:1,K1
CO 18 02z1,K1
E1= -

~~~ (I1,J1)’ C W~’r’ (Ii, J2) +2.~ l~ZP C Il, J2) ) +Ej .
19 CC~.T 1NL E

FSY .=~ ~~—E h /2 .
- _ ( ~—
E 2 : 0
00 ~~~ . j1=1,< rfl LR

J~~~= J i ’ ’ ?

~ 1 T fr (I ,J1. )+t~.
E2 :~~2 s S ~~.~’~ (I1,J1+ )

• • - --~ —•----•--——~~~—-——-————----——-—--•------—-—•------— -• • A



12 CON TINL E
FS~~=PS~~+DA3 ’E1—i ) A4’C9’E2
E1z0,

= C .
00 13 J1 1,K2

• ~S J1’’2
E1zEI +~~FM I1,Jj
E 2 = E 2 +~.$’ F t ~ ( I t , J 1 )

13 CONtINIE
PSY=P~ ~(+D A 2’El—D A1’C9’ E2

• STRY= S1PY +FSY’ET
• 130 IF (ISA.NE .i. J GO TO 140

E1 0.
00 14 J1 1,KFCU~

14 E1=E:4F~1F( 11,J1+1) ‘(WMF (Il,Jl+l) +2.’WZF (I1,J ~ +1J )
P S A = P S A — ~~1/ 4 .
ST kA=~~lRA +FEA’E7

~4D IF(IP .NE.1) GO TC• 10
E1=3.
E 2 =  ~ .
E5=f.

E4 0.

00 15 J1=i ,~<FOUR
J S J 1’’2

~.S2=JS” 2
• E1 E14 1f (11 ,Ji+1i’ (r~t1F (I1,J1+1)+2 .’W~~F (I1,J1f1J)• E2=EL +~~S2’(~M (II,Ji +1)’’2

E 3 = E 3 - i J S ’ -~F ( I 1 , J 14 t ) ’ ’2
E~. E L .+ETM (I1,J1+ 1)’’2

~5 = 9 ~~S’Fl-(I1,J1. )’ETM(I1,J1+t )
15 CCN TINLE

• PE E 1 — x N ~~X’E 1/~~.+C ’DL5’E2+CE4’EjfUL E~
./2.— Lt)’CL~ ’E5

• P1=!’.

E 4= ~~
D O 16 .j1 1,K2
J3 J1 ‘2

E 1 J ~~~’F!1(I1,J1)’~~2+E1
E2 =p 2 +~~)’F~~P (r1,JI)’’2
E 3 = E 3 4 ~~~t 4 ( I h , J 1 )  ‘‘2
E~~= + ~~S~~F lv (I1,JI ) ‘XFM (Il ,.jj)

1€ C O N TI NLE
PLi=r ~~1#CE~~’LA1’E1 +CE3’E2 .Dt32’E3/2 .—DA2 ’C9’E4
FO T = F C 1 +PE1’F7

13 CCNTINLE
IF (IF.NE .I) GO TO 150

FOT=PCT’3 . 1’~155’~~R’DELTA
1 52  IF (I S~~.~JE.1 ) GO To~~~6r-

~ Irl’~ - C~~l’~~NXX ST ~Y/XL

• 160 IF ( 1~~~~.t 1 E . I )  GC TO 17~
S 1 P A = C A i ’X N * X — S T R ’~/XL

17~ CL r. IINLE
PE1U ~~P’
EN0



r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_ _

SUO FQUUNE CCEF F (FX ,EY ,XL t,ND,YLA N:D, RWU X,R i- IOY,ELAS )
C C M M C N / G~~G M/RR ,DC,k 11, 1-i12, H2 2 ,O 1 1 , O 1 2 , C L 2 , Dt 1 , D 12 , D 22
CC~~l1CN /FACT 2IJLi,J L 2, DL 3 , (~L4 ,LA1 ,CA2,U A ~~,L)A -e,CC 2, 01i 3 ,DD4 ,XtJI,~~~ X P
CO;1 1uN ,CIr~TC-/ N~~QP0T,NI (5~~r)
CC M :IC N/FICF / D F L T A , A L I , G A X ,A L a , 1 I 2 , G A 2
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
COM MO N 1FA C T3 /CL 5 ,XL,XI-4

• K6~~6’1< FOU~~+2
K4= L.’IFOUR +2
K 3 5 ’ K F O U R + 2
1<2 2’XFOLR
K1 :KFCLR+1
XN2=XN I’’2

~ h ~ = XI- “2
C A L F i~~ (1. 4 X L A M C ) ’ U . + Y L A M G ) — X N 2
LDz~~L~~~4X H’’~~/(12.’(t.—XN2 ) )
E X X P t L A S ’ X H/(1.— XN 2I
Hjj= .4QHCX+12. ’EX”2’~~LAhU’ (1 .+YLAM O— XN 2 )/CXW2’ D 4LFA )
H22= 1.,~~HCY,12.’EY”~~’YLAt ~D’(1.+XLA1U—C N2 )/ (XH2 ’DA.~FA )
H1~~=1..12.’xNI’E~~’Ey~~xLA:1L’ yLAMo / (XI-I2’cALFA )
Cl 1 = X N  I’E X ‘XLA ~~D ,OA LFA
U 22  = X F’ I’ E Y’ v LM F’ 3 / D A  L F A
C1~~=—C .5’ ((1. +Y LAt 1D ) ’XL4~r1C+(1. *XLAMC )’~~Y ’YLA M U )/DM LFA
C11= (1. + X LA M L )/ ( CA L F A ’ E X X P )
D~~2= (1.+YLAF ’C )/(CA 1FA’ EXX P )
C1~~= ( 

(1.+ X L A F ~’D)’ (1. +YL~~F1O)—XN 1 )f (CALFA ’~~XXF’Ci. —XN I ))
LL1 CC’Hh1
LL2 DU ’XNI’(1. + (E X’:Y’XLANC’YLA’IU’12.),(XH2’DALFA ))
DL .!=EX’XLAN~D’(l .4YLA r1U )/DALF A
CLLe — XNI~~E X’ ~LA M L / C~ L F A
ULE=LL ’W22
DAI = C:.t YLC1 C / (CALFA ’EXX F- )

• DA 2=— )~F ’1 / (LM LFA’ EXXP )
CA = =— (:.+Y LAhJ )’EX ’XLA F ’C /LALFA
DA~~= X N A ’ E Y ~~Y L A ~~D,r)~ LFA
D P 2 = ( I  . + X L A F ’ C ) /  ( C A L F A ’ : X X r )
C33 =X N 14 E X ‘ X L A l D  /0 ALF A
0 1 3 4 = —  ( 

~ • +~~LA F’C) ‘ E Y ’ Y L A F ’ C / L A L F A
MI (1) =2~~K€
F’I (N~~LPOT )=2 ’K 6

NEL~~= N E Q P C T — 1
CO 1 I1 2,NEQI
MI CII ) :1<6

12 CO~~I I N L E
DELT A = )~L / (Nt GPCT— 1)

• A L I = — I ./ ( 2 . ’C E L T A )
GA l ./L.~~Dc LTA)
AL~~=1 .i(DELTA’’2 )
E T ? = — 2 ./OELTA ’’2

• ,DEL TA ”2
R E T UR N
END



— SU L-i - LLI1N E CLEF F4N N~ N)
— CL l r N / G E O t / c P ,DC, I-h1, I-12, k2C,Ui1,~~12,U L2,jh1 ,UI2,f )22

CLF ’M CF s /FA CTC R /C 1 ,C2,C~~,C 4,C~~,L5,C7,C8,L~~,C1 r ,C 1,C12
C 9z(F ’NN/R~~~’’2
C1 & i J  ‘I-il
C 2 =2  . C0’H12’C9
C 3 = 2 .  ‘C1~~’C~
C~.=3D*I-22 C9”2
05=011 / D i l’C9
C6=1./ (RR’CI1)’C9
C7= CC *~~2/ (2.’Ohl I
C 8=C~~~’~..9’’2
Cl C C9/2.
L1I= L . C9~~Ol~
C1~~=D22’C9’’2
l~E T U R N
END 
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